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ABSTRACT 
Active vibration control has recently attracted significant attention, particularly in 
relation to the mitigation of seismic risks in building structures. It involves measurement of 
structural response, determination of control force magnitudes via control algorithms, and 
production of control forces to suppress building vibrations. Active vibration control offers 
several advantages over conventional passive vibration control, for example, the adding of 
dampers to a structure. One major advantage is that it is adaptive in nature and an optimized, 
weighted function of control force and structural response can be achieved. However, a 
crucial problem exists which hinders the dissemination of the technology; that is, the control 
forces that are required in civil structures are usually very large; thus, very large force 
delivery devices or actuators are needed.  
This thesis explores the effects of the installation of actuators in toggle and scissor-jack 
configurations in a building structure. Analytical and experimental investigations are 
conducted. For both configurations, single- and multi-degree-of-freedom systems have been 
theorized. The toggle configuration involves connecting the actuator to two hinged members, 
while the scissor-jack configuration involves four hinged members. Both configurations 
enable the actuator to generate a larger effective control force due to their amplification 
mechanisms; in other words, much smaller control forces are required to attain the same level 
of vibration reduction. The amplification is a nonlinear characteristic which is dependent on 
frame geometries, and its relationship with beam, column and brace dimensions are presented. 
The building is simplified into a lumped-mass shear building model and equations of motion 
are formulated. Numerical simulations are carried out on MATLAB
®
 in which the control 
forces are determined using the well-known LQR (Linear Quadratic Regulator) control 
algorithm. The active tendon control system with no amplification mechanism is used as a 
comparison. Under conditions occurring in two historical earthquakes, it is demonstrated 
numerically that close to 90% actuator force reduction is attained by both configurations.  
In this thesis, an experimental investigation is also presented.  A single-degree-of-
freedom frame with an actuator mounted on a modified toggle configuration is fabricated. The 
frame is tested on a shake table manufactured by Quanser Corporation. Three historical 
earthquakes are selected as input excitations. Acceleration of the building model is measured 
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using a piezoelectric accelerometer connected to a microcontroller board. The microcontroller 
board is interfaced with a PC, in which the signal is conditioned and control force is 
calculated in MATLAB
®
 using LQR control algorithm. The computed control force commands 
are transmitted back to the microcontroller board and the control force is delivered via an 
electric servomotor. Acceleration of the building model is measured and it is demonstrated 
experimentally that an active control system installed in a toggle mechanism significantly 
suppresses building response. 
This thesis presents the finding of a comprehensive research work which theorizes and 
evaluates the effect of a toggle and scissor-jack brace system on actively controlled structures. 
Numerical and experimental evidence suggests that the required actuator forces can be 
reduced significantly. Subsequently, a much smaller and less expensive actuator hardware 
becomes feasible, and thus, feasibility of active control systems in building structures is 
improved significantly.  
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 CHAPTER 1
INTRODUCTION 
1.1 Smart Structures 
A structure must carry and transfer the relevant loads without experiencing significant 
damage during its service life. In general, the applied loads on a structure can be categorized 
as static loads such as gravity or dynamic, for example, earthquakes. The structural response 
must meet the established criteria for the static deformation and dynamic vibration. In the 
typical structural design methods, the mentioned criteria are related to the structural safety 
and serviceability. These criteria must also apply to the structural components under expected 
loads. 
The conventional method for designing structures is to use the strength of structural 
materials to carry the expected loads and to have the restricted deformation based on the 
ductility of the materials. Using this conventional method leads structures to have limited 
capacity. The reasons for the latter statement are expressed by three factors: firstly, their 
inherent material damping is small to create significant energy dissipation, and also, no 
specific guidelines exist to show the feasible way to increase their damping for common 
structural materials, such as reinforced concrete or steel; secondly, their load resistance and 
energy dissipation have a limited capacity and, therefore, their adaptability against the ever-
changing excitations, such as strong winds and earthquakes, is poor; thirdly, the conventional 
design relies solely on material stiffness that can cause the design to become very 
uneconomical. 
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The above-mentioned reasons have motivated researchers to find alternatives to the 
conventional structural design. Smart materials and adaptive systems are the results of their 
recent investigations. In other words, assembling an adaptive system, with or without using 
smart materials and specific devices such as an electronic controller and actuator in a 
structure, will cause the structure to become smart. Therefore, the definition of ‗smart‘ 
indicates that the structure can feel and measure the physical environmental changes and 
adapt itself to those changes; in other words, having a smart structure enables it to sense any 
changes in the environment, record and process the measured data and command to actuators 
to execute the proper action to improve the system‘s behavior. Consequently, structural 
robustness, serviceability and safety will be enhanced (Cheng et al., 2010). 
1.2 Smart Structures in Civil Engineering Structures  
In the event of strong winds or significant earthquakes, civil engineering structures such 
as buildings, bridges and towers, may vibrate intensively and be severely damaged, or even 
collapse. Designing civil engineering structures to remain safe and undamaged against lateral 
forces has been a seriously challenging task. In spite of existing relevant seismic codes to 
design resistant structures against strong winds and earthquake shakings, these structures are 
still vulnerable when faced with intensive winds and earthquake vibrations. The reason can be 
noted here that the traditional structural design method relies solely on the stiffness of the 
structure and its small inherent material damping. Following this method provides structures 
with limited capacity for load resisting and energy dissipation. These structures are called 
passive as they cannot adapt themselves to ever-changing wind or earthquake excitations. In a 
conventional solution to withstand stronger excitation, either the strength of the material and 
ductility, or their damping should be increased.   
In traditional systems, the greater the strength against the excitation, the more structural 
strength and ductility is required. On the other hand, in the building industry, one of the most 
costly issues is providing high-strength and ductile construction materials. However, utilizing 
bigger cross-sections for achieving higher structural strength attracts more seismic force onto 
these buildings. Furthermore, it is difficult to find a proper way to improve the material 
damping for common civil engineering constructions. Therefore, one of the most important 
advantages of smart structures is to deploy vibration control systems in order to overcome 
these problems (Cheng et al., 2010).  
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1.3 Active Control System 
The most typical of control systems used in structures to control and mitigate structural 
vibration due to external excitation will be discussed in Chapter 2. The control system which 
has been used in this research is an active control system. Therefore, because of its 
importance in this research, this system is explained here briefly in advance. 
The disadvantages of passive systems and semi-active control systems have led the 
researchers to use active control systems to control the structural seismic responses. These 
disadvantages will be explained in Chapter 2. 
The active control system employed here consists of special devices such as 
electrohydraulic actuators, sensors and a controller platform. The task of the actuator is to 
generate and apply the required control forces directly to the structure to counter the 
earthquake vibrations. Typically, actuators need to be very strong and powerful to generate 
significant control forces. Therefore, they use large amounts of electricity. Also, the installed 
sensors in a structure measure the structural responses such as displacement, velocity and 
acceleration and send the recorded data as voltage signals to controller. These sensors can 
work in linear proportional devices in frequency ranges of 0.1-100 Hz, including frequencies 
related to structural vibrations due to earthquakes and strong winds.  Finally, the controller 
receives measurement data from the sensors and, based on its algorithm, calculates the proper 
control signals and sends the command to the actuator to apply these forces directly to the 
structure.  Therefore, the controller is an electronic data processor that calculates the control 
commands using a feedback function measured by the sensors. These control forces produce 
extra damping in the system and consequently mitigate structural vibration due to 
environmental excitations such as strong winds and earthquakes. 
The idea of utilizing active control systems in large civil engineering structures has 
recently emerged and this area still has a large potential for investigation (Cheng, 1988b, 
Cheng and Pantelides, 1988, Meirovitch, 1990, Soong et al., 1990, Cheng and Suthiwong, 
1994). The schematic diagram of an active control system is presented in Figure ‎1.1 (Cheng et 
al., 2010). 
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Figure  1.1. Schematic diagram of an active control system. 
Because of the following advantages, the active control systems have become more 
noticeable in recent years. 
1. Augmented control efficiency. 
From a theoretical point of view, active control systems can act as strongly as 
required. However, in practice, the limited actuator capacity has a negative 
influence in the control efficiency. Even so, powerful actuators can be produced 
in modern industrial environments to generate control forces much larger than 
passive or semi-active dampers.    
2. Adaptability of the system to ever-changing ground excitations. 
An active control system can sense the ground excitations and adapt its behavior 
through its control algorithm and actuator to reduce the structural vibration. 
3. Free choice in control goals. 
The control system design can be carried out for different objectives such as 
human comfort and structural safety. 
4. Suitability to be used in various vibration mechanisms. 
An active control system can be designed under a wide range of frequencies 
which covers all the significant modes of the structure. 
For the design process, the controller‘s mathematical model is formulated by control 
theory and also the feedback control law is calculated by a control algorithm. In practical 
control systems, there are both analogous and digital controllers. Analogous controllers utilize 
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a continuous-time domain in their feedback control laws. However, digital controllers should 
use analog/digital (A/D) and digital/analog (D/A) convertors in their devices. 
1.4 Disadvantages and Research Gaps 
Besides the aforementioned prominent advantages, the literature review shows that there 
would be some disadvantages related to active control systems used in structural vibration 
control. These disadvantages can be summarized as follows (Cheng, 1988b, Yang and Soong, 
1988, Pantelides and Cheng, 1990, Liu et al., 2003, Amini and Tavassoli, 2005, Park et al., 
2008, Cheng et al., 2010): 
1. The power of actuators in active control systems is limited, so the control capacity 
of the system becomes restricted. 
2. Since the required control forces for large civil engineering structures are huge, 
the required actuator sizes become very large.  
3. The installed actuators in civil engineering structures run with external electrical 
power and, as they are huge and sizeable, they then need a large external 
electricity supply.  
4. The actuators installed in civil engineering control systems are very expensive. 
5. The maintenance expenses of actuators are significant and costly.  
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1.5 Objectives and Scope 
After consideration of the research gaps, the objectives of this research can be 
categorized as follows: 
1.5.1 General Objectives 
To enhance structural performance during an earthquake event to create civil 
engineering structures possessing increased safety boundaries in order to protect human 
lives. 
1.5.2 Specific Objectives 
The specific objectives of this research are categorized as follows: 
1. To reduce required active control forces applied by actuators. The diminishing of 
active control forces necessitates the same system to utilize the small actuators 
running with less electricity power.   
2. To theorize an active control system in a toggle and scissor-jack configuration. 
3. To verify obtained results in a toggle active control system by experimental tests. 
1.6 Methodology  
To achieve the above mentioned research objectives and also to overcome the 
disadvantages of active control systems, explained earlier in the research gaps, the location 
for the installation of the actuator in the active control system in a frame (SDOF or MDOF) 
has been considered as follows:  
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1. For the first step, the actuator has been installed in a toggle configuration in a 
single-degree-of-freedom shear frame, as indicated in Figure ‎1.2. 
 
Figure  1.2. Actuator position in a single-storey toggle control system (SDOF).   
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2. In the second step, the actuator has been installed in a toggle configuration in a 
multi-degree-of-freedom shear frame, as indicated in Figure ‎1.3. 
 
 
Figure  1.3. Actuator position in a three-storey toggle control system (MDOF).  
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3. In the third step, the actuator has been installed in a scissor-jack configuration in a 
single-degree-of freedom shear frame, as indicated in Figure ‎1.4. 
 
Figure  1.4. Actuator position in a single-storey scissor-jack 
control system (SDOF).  
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4. In fourth step, the actuator has been installed in a scissor-jack configuration in a 
multi-degree-of-freedom shear frame as indicated in Figure ‎1.5. 
 
Figure  1.5. Actuator position in a three-storey scissor-jack 
control system (MDOF). 
5. In the last step, the experimental test has been carried out for the model based on 
the first step configuration for verification of the results already gained from the 
analytical method.   
Furthermore, for completing of this research, the following stages should be carried out. 
1. To establish the motion equation in a toggle control system in a SDOF shear 
frame. 
2. To investigate the influence of geometry of a toggle in an active control system in 
a SDOF shear frame. 
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3. To establish the motion equation in a toggle control system in a MDOF shear 
frame. 
4. To investigate the effect of toggle in the MDOF shear frame. 
5. Investigating whether there is any other configuration that can be used in the 
active control system instead of a toggle. 
6. Extracting the motion equation of the possible system mentioned in stage ‎5 in a 
SDOF shear frame. 
7. Exploring the effect of the possible system mentioned in stage ‎5 in a SDOF shear 
frame. 
8. Verification of the obtained results from the toggle configuration by an 
experimental test in the toggle active control system. 
1.7 Contribution of This Research 
The contributions of this desecration are expressed as follows: 
1. Utilizing a toggle configuration in a SDOF and MDOF shear frame shown in 
Figures 1.2  and 1.3  in an active control system to mitigate the control forces 
during an excitation event. 
2. Employing a scissor-jack configuration in a SDOF and MDOF shear frame shown 
in Figures 1.4  and 1.5 in an active control system to mitigate the control forces 
during an excitation event. 
3. Finding out the toggle and scissor-jack coefficients indicated as   and   , 
respectively, both in SDOF and MDOF active control systems. These coefficients 
appear in the motion equation of the systems as a direct factor multiplied to the 
control forces. For the typical civil engineering frames, the values of 
aforementioned coefficients are greater than unity. It has been proved in this 
research that the greater coefficients generate the smaller control forces. About a 
90% reduction in control forces have been achieved in this investigation.   
4. Investigating on the variable parameters    and    in the toggle and scissor-jack 
configuration shows that these values are independent values and all other 
geometrical characteristics can be calculated from the geometry of the system 
after selecting values for    and   , see Figures 3.8  and 4.1 , respectively. 
5. Investigating on the proper establishment of the motion equation in the active 
toggle control system. This investigation demonstrates that the proper 
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establishment of the motion equation in the toggle system depends on suitable 
values for    to    and   . Otherwise, the toggle configuration of the active 
control system will no longer be valid. Moreover, the system works as a toggle 
configuration in the active control system if         
 , see Figure ‎3.8. 
6. Researching on the maximum value of    in the scissor-jack configuration. This 
investigation reveals that the maximum value of    will depend on the length of 
the installed actuator. However, in the case of the installation of the actuator in the 
out-of-frame plane but close to it, even greater values of    can be selected, see 
Figure ‎4.1. 
7. Investigating on the effects of the variations of the configuration parameters such 
as   ,   ,   and   on the coefficients of   and    in both active toggle and 
scissor-jack control systems, respectively. This research shows that the greater    
and   and the smaller    and   generate the greater   and    in both active toggle 
and scissor-jack control systems, see Figures 3.8  and 4.1 , respectively. 
8. Deploying the SDOF active tendon control system as a comparison unit for 
comparing the calculated control forces related to the active toggle and scissor-
jack control system through the simulation process. 
9. Investigation on toggle and scissor-jack coefficients in MDOF shear frames. This 
research shows that the investigation on the effect of   and   in the whole three-
storey toggle and scissor-jack systems is converted to the investigation of the 
effect of   and    in every storey having toggle and scissor-jack configuration. 
Therefore, the investigation of the effect of the toggle and scissor-jack 
coefficients   and    in the three-storey active toggle and scissor-jack control 
systems would be changed to the same investigation of the toggle and scissor-jack 
coefficients having the same characteristics in a single-storey active toggle and 
scissor-jack control systems.  
10. Building a SDOF active toggle control system model with the specifications 
indicated in Table ‎5.1 and performing experimental test for verifying the toggle 
coefficient  , see Figure ‎5.2. This experimental model deploys the shaking table 
I-40 and includes an actuator, a controller platform ATmega328, analog 
accelerometers known as ADXL335 and the algorithm programmed in MATLAB
®
 
software based on LQR algorithm. Since a suitable linear actuator fitting to the 
model and working fast enough in time intervals smaller than one second was not 
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found, a servo motor was installed instead of the linear actuator. The servo motor 
works fast enough and is suitable for this experiment. However, it creates a 
rotational movement and also has high stiffness, which prevents the frame from 
vibrating during the uncontrolled shaking. For removing these disadvantages, a 
mechanism has been implemented in the toggle configuration to convert the 
movement from rotation to linear and to also allow the frame some free shaking 
while it is attached to the servo motor. This mechanism has been shown in 
Figure ‎5.4. 
1.8 Outline of the Dissertation 
This dissertation has been prepared in six chapters and its outlines are expressed as 
follows: 
1. In Chapter 1, the basic concept of smart structures in general and, in particular, in 
civil engineering structures is introduced; additionally, the tendency of engineers 
to utilize the smart structures in the civil engineering structures has been 
presented. Furthermore, the concept of the active control system, the needs of the 
civil engineering structures to this type of controlling against excitations and the 
advantages of this system have been expressed. Moreover, the existing research 
gaps in these systems have been indicated. Furthermore, the general and specific 
objectives of this research have been offered and a summary of the methodology 
and research obligation has been denoted. Finally, the contribution of this research 
has been outlined. 
2. In Chapter 2, a literature review has been carried out relating to the history of 
using control system in civil engineering structures, and the necessity of the 
control systems in such structures; additionally, typical structural active control 
systems, performed investigations in active control systems in civil structures 
have been presented. Moreover, in this chapter, types of feedback controls and 
suitable feedback controls for seismic structures have been expressed. Finally, 
typical control strategies in civil engineering structures have been reviewed. 
3. Chapter 3 has been appropriated to investigate the effects of installation of an 
active actuator in a toggle configuration in a single- and multi-degree-of-freedom 
frame. In this chapter, an introduction to toggle configurations and their 
advantages, and explanations of toggle configuration in single and three-storey 
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active control system have been presented. Moreover, the following features have 
been discussed: the motion equations in an active toggle and tendon control 
system; the efficiency of active toggle control system; toggle coefficient   and its 
influence; the effects of the angle of lower brace with horizon and its length; and, 
the effects of the length of the frame span and height in both single and three-
storey frame in an active control system. Finally, a numerical analysis has been 
carried out for both single and three-storey active toggle control systems. An 
active tendon control system has been used as a comparison. In the numerical 
analysis section, the following have been delivered: the methodology, active 
toggle and tendon control system in both single and three-storey frame; 
determination of optimum toggle coefficient  ; feedback control layout; the 
relevant algorithm; and, earthquake acceleration; and, calculation of the gain 
matrix for the systems. Furthermore, in this section, structural displacement 
responses and control forces have been determined and finally the analytical 
results have been compared. 
4. In Chapter 4, the effects of installation of an actuator in a scissor-jack 
configuration in a single- and multi-degree-of-freedom frame in an active control 
system have been investigated. This chapter also presents an introduction to 
scissor-jack configurations and their advantages, as well as explanations of 
scissor-jack configuration in single and three-storey active control systems. 
Moreover, the chapter includes discussion on the following: motion equations in 
an active scissor-jack control system and its efficiency; scissor-jack coefficient    
and its influence; the effects of the angle of lower brace with horizon and its 
length; and, the effects of the length of the frame span and height in both single 
and three-storey frame in an active control system. Finally, numerical analyses 
were carried out for both single and three-storey active scissor-jack control system 
as compare to active tendon control system.  
5. In Chapter 5, an experimental program is presented. The beginning of this chapter 
includes an introduction and explaining sensing systems in smart structures. 
Furthermore, the experimental model, including the frame, toggle configuration, 
actuator, controller platform, accelerometer, shaking table, and control algorithm 
has been explained. Moreover, the experimental setup and performance have been 
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indicated. Finally, the experimental and analytically results have been presented 
and compared. 
6. Chapter 6 has been appropriated to the conclusions and future work of the 
research. In this chapter, the summary of the thesis and conclusions related to the 
one-storey and three-storey active toggle and scissor-jack control systems have 
been explained. Finally, some recommendations for future research have been 
supplied.  
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 CHAPTER 2
LITERATURE REVIEW 
2.1 Introduction 
The utilization of passive dampers as control devices emerged in the early 1900s. 
Initially, passive dampers were installed in the tower structures of water tanks (Ruge, 1938). 
Commercially, the use of damping devices has become available since the 1970s. Since then, 
these passive dampers have been broadly installed in aircrafts, automobiles and civil 
engineering projects in order to mitigate vibration. However, the idea of modern control and 
adaptive systems for vibrational control against the wind and seismic loads was not achieved 
until the 1950s (Kobori and Minai, 1960). Undoubtedly, the main reason can be expressed 
thus: that the developing of adapti control systems for large structures is a very challenging 
task.  
In the 1950s, the Japanese researchers, Kobori and Minai (Kobori and Minai, 1960) 
innovated the principles of vibrational response control in structures. They found an important 
outcome, indicating that the structural seismic response should be controlled by building 
structures after receiving the earthquake excitations as long as the exact characteristics of 
ground motion are not predictable. In 1972, Yao‘s paper (Yao, 1972) in structural control 
made significant contribution in structural control systems in the United States, who proposed 
an adaptable structural system, the response of which varies automatically under 
unpredictable load change. In his proposed structure, earthquake and wind loads are countered 
by both structural members and control forces. 
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For more than two decades, the possibility of using active and semi-active control 
methods to improve upon passive approaches to reduce structural responses has been 
investigated (Soong et al., 1990, Soong and Reinhorn, 1993, Housner et al., 1997, Spencer Jr 
and Sain, 1997, Soong and Spencer, 2002, SpencerJr, 2002).  For the practical installation of 
control systems in building structures, Japan became a pioneer. In 1985, they ran full-scale 
control system experimental tests to advance the process of using practical application in 
control systems. Also, the Japanese researchers installed an active mass driver in a building in 
1989 to mitigate seismic response. The latter system was verified through the numerical 
simulation and real-time observation (Kobori et al., 1991). In 1992, to support the 
continuation of investigation on the different control projects in earthquakes, the U.S. Panel 
on Structural Control Research, based on the leadership of the National Science Foundation 
(NSF), was formally established in the United States. This panel inaugurated a research 
program for 5 years for safety and hazard reduction (Liu et al., 2004). Also, the NSF initiated 
the other research program, named Civil Infrastructure System (CIS), which investigated 
structural control systems (Liu et al., 2004). By clarifying the significance of seismic response 
control in the 1988 Ninth World Conference on Earthquake Engineering, Japan and the 
United States started to cooperate in this research area. In 1992, to enhance worldwide 
collaboration in this area, the International Association for Structural Control (IASC) was 
established.  
The activities of IASC are outlined as follows: 
 Sponsored the International Workshop on Structural Control in 1993. 
 Sponsored the First World Conference on Structural Control in Los Angeles in 1994. 
 Sponsored the Second World Conference on Structural Control in Kyoto, Japan, in 
1998. 
 Sponsored the Third World Conference on Structural Control in Como, Italy, in 
2002. 
 Sponsored the Fourth World Conference on Structural Control in San Diego, 
California, in 2006. 
 Held many bilateral and trilateral workshops on smart structures in Asia, Europe and 
the United States (Cheng et al., 2010).  
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2.2    Necessity of Control Systems in Structures 
The past two decades have seen the continuation of construction of taller and more 
flexible buildings (Yang and Soong, 1988, Zhou et al., 2002, Chan and Huang, 2010, Venanzi 
et al., 2013). For these tall buildings, it is most important to employ active control systems to 
protect structures against seismic loads, such as strong earthquakes or intensive wind gust 
turbulence loads. In traditional systems, the greater the strength against the excitation, the 
more structural strength and ductility is required. On the other hand, in the building industry, 
one of the most costly issues is providing high-strength and ductile construction materials. 
However, utilizing bigger cross-sections for achieving higher structural strength attracts more 
seismic force onto these buildings. Consequently, they will require even bigger sections. This 
endless spiral design process is unable to solve the aforementioned dilemma. One of the most 
important advantages of smart structures is to deploy vibration control systems in order to 
overcome this problem. The efficacy of active vibration control systems in protecting 
structures against seismic excitations has already been demonstrated by previous research and 
practical installations. Once multiple modes are able to be determined in the structure‘s 
response, it is necessary to deploy a more powerful and adaptive system to protect structures 
from very large excitations and damage (Cheng et al., 2010). Across the world, there are 
many actual implementations of active control systems (Yamazaki et al., 1992, Abe and 
Fujino, 1994, Spencer Jr and Sain, 1997, Wu et al., 1997, Cao et al., 1998, Kareem et al., 
1999, Ikeda et al., 2001, Yamamoto et al., 2001, Ricciardelli et al., 2003, Park et al., 2006).  
Also, the utilization of these systems in large civil engineering structures is expanding 
(Cheng, 1988a, Cheng and Pantelides, 1988, Meirovitch, 1990, Soong et al., 1990, Cheng et 
al., 2010). With the increase in the number of tall buildings all over the world, in order to 
achieve a high degree of reliability and , the use of active control systems will be inevitable 
(Yang and Soong, 1988).  
Undoubtedly, the determination of optimum control forces while satisfying an allowable 
structural response is one of the most important tasks in active control systems. In addition to 
the actuators‘ power and unit cost, their maintenance expenses are significant factors from the 
point of view of economy and efficiency (Liu et al., 2003, Amini and Tavassoli, 2005, Park et 
al., 2008). 
Furthermore, the reduction of control forces in active control systems has been 
emphasized by recent researchers as an efficiency factor in the mitigation of the structural 
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response (Cheng, 1988b, Yang and Soong, 1988, Pantelides and Cheng, 1990). Also, the 
importance of the actuator position in active control systems with regard to reducing the 
structural response has to be emphasized here (Pantelides and Cheng, 1990, Xu and Teng, 
2002, Liu et al., 2003, Amini and Tavassoli, 2005, Rama Mohan Rao and Sivasubramanian, 
2008).  
2.3 Typical Structural Active Control Systems 
In smart seismic structures, the typical structural active control systems are categorized 
as ‎follows:‎ 
2.3.1 Active Mass Damper 
 The active mass dampers or, by their other known name, active mass drivers (AMDs) 
are the control systems evolved from the tuned mass dampers (TMDs).Only in structures 
where the first mode (Venanzi et al., 2013) is dominated, such as controlled structures under 
the impact of winds, the TMDs can be effective for structural excitation control. AMDs 
emerged and were developed in order to consider the wide range of frequencies in the seismic 
response control of structures. A schematic model of an AMD has been shown in Figure ‎2.1.  
 
  
Figure  2.1. Schematic model of active mass damper. 
In this model, an actuator has been installed between the main structure (i.e. primary 
system) and the tuned mass damper (i.e. auxiliary system). The AMDs were suggested and 
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investigated analytically in the early 1990s (Nishimura et al., 1992, Burton et al., 1996). The 
motion of auxiliary structure (AMD) is adjusted by applied actuator forces to enhance the 
control effectiveness. In AMD systems, researchers have tried to find suitable actuator forces 
to apply to the auxiliary system, in order to control the primary structure‘s excitations. These 
control forces should be based on the optimum control law to find the proper feedback gain of 
the AMD for achieving optimal control input (Chang and Soong, 1980, Nishimura et al., 
1992). Also, some vibrational tests have been carried out on full-scale AMD systems for 
seismic response control (Chung et al., 1988, Soong et al., 1990, Soong and Spencer, 2002). 
Compared with other active control systems, AMD control systems need much smaller 
control forces, which leads the system to have much smaller actuators. This is an economic 
advantage of AMD systems implemented in full-scale structures. The actuators in AMD 
systems apply control forces to the auxiliary mass. However, in the other active control 
systems, the force is directly exerted to the main structure. Also, the AMD control systems 
are more effective at fundamental frequency than at higher frequencies (Cheng et al., 2010). 
2.3.2 Active Tendon System 
In this system, as indicated in Figure ‎2.2, a set of prestressed tendons has been utilized. 
Theses tendons are installed between floors of two successive building structures and their 
tensions are adjusted by electrohydraulic servomechanism.  
 
Figure  2.2. Schematic model of active tendon control system. 
It is clear from Figure ‎2.2, the actuator unit has been installed in the floor below. One 
end of the tendon is attached to the above floor, while the other is connected to one end of the 
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actuator unit. Vibration of the structure due to earthquake excitations produces displacement 
in the frame and causes relative movement of the actuator piston to the actuator cylinder. 
Then, the existing tension in the prestressed tendons is changes due to the relative movement 
of the actuator unit parts. Finally, the control forces are applied to the structure to mitigate the 
structural seismic response. 
Analytical and experimental studies, (Yang and Giannopoulos, 1978, Cheng, 1988a, 
Cheng and Suthiwong, 1994) and (Chung et al., 1988), respectively, of active control systems 
have been conducted by these researchers. Also, a full-scale experiment for studying the  
effects of the active tendon control system in the mitigation of structural response has been 
performed in Tokyo, Japan (Soong et al., 1990). Both analytical and experimental results 
demonstrate the remarkable mitigation in structural response under earthquake excitations due 
to using an active tendon control system. 
Active tendon control systems can be operated in both the pulsed- and the continuous-
time modes. Therefore, this system can accept both continuous-time and pulse control 
algorithms. As another advantage, the existing installed prestressed tendons can be used as 
structural members, which leads to a lessening of the building modifications (Cheng et al., 
2010). 
2.3.3 Active Brace Systems        
A typical active bracing system is shown in Figure ‎2.3. As is clear from the figure, the 
actuator has been installed onto the top floor. Like passive dampers, there are three types of 
active bracing systems, known as diagonal, K-braces and X-braces. This system needs large 
control forces to be applied to the structure through the braces. This task is performed by 
using servovalved-controlled hydraulic actuators, which enable the production of large 
control forces to be applied to the mentioned braces. 
This system is assembled of a servovalve, a servovalve controller, a hydraulic actuator, a 
hydraulic power supply sensors and a control computer where a predetermined control 
algorithm has been installed.  
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Figure  2.3. Schematic model of active bracing system with hydraulic actuator.   
The structural displacements due to earthquake excitations are measured by sensors. The 
control computer receives the signals from the sensor and generates the control signals. Then, 
the direction and intensity of the flow is regulated by the servovalve based on the received 
signals from the control computer. That regulation creates a pressure difference in the two 
actuator chambers. Then, this pressure difference produces the control force to counter the 
seismic loads exerted on the structure due to an earthquake.  
Analytical and experimental investigations have been carried out for the active bracing 
systems. Active bracing systems demonstrate the same advantage of the active tendon 
systems – that is, the mitigation of modifications in the structure due to existing of structural 
members in which the emplacement of the actuators can be performed (Soong et al., 1990, 
Soong and Reinhorn, 1993, Cheng et al., 2010).         
2.3.4 Pulse Generation System 
In this system, in order to produce control forces, a pulse generator is used instead of a 
hydraulic actuator. The mechanism is pneumatic. Unlike the hydraulic actuators using high-
pressure fluid to create actuation forces, the pneumatic mechanism uses compressed air to 
produce pulse-type control forces. This type of actuator can be installed at several positions 
within a structure. When a significant relative velocity is recognized at any of these locations, 
the pneumatic actuator in this position becomes active and exerts a control force to the 
structure in the opposite direction of the applied velocity. Researchers have performed 
experimental tests using a shaking table on a six-storey steel frame with a pulse generator 
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located at the top (Miller et al., 1988). The test results show that utilizing the pulse generation 
system in the prevention of structural vibration due to an earthquake has had very promising 
outcomes.   
Because of the use of compressed gas energy in pulse generators, they are not costly. 
However, they are not powerful enough to generate proper control forces able to drive full-
scale building structures. Also, due to the high nonlinearity in this system, the force produced 
by pneumatic actuators may not follow an ideal rectangular pulse shape (Cheng et al., 2010).   
2.4 Performed Investigations in Active Control Systems in 
Civil Structures 
Venanzi and their colleagues investigated an optimal design of an array of active tuned 
mass dampers for wind-exposed high-rise buildings. The control system used in this research 
was ATMDs mitigating the flexural and torsional responses in serviceability limit state 
conditions. The algorithm deployed in this investigation was the classic LQR complemented 
with a Kalman observer. They gained the feedback information by using a limited number of 
accelerometers installed over the building‘s height. In this research, they found the optimal 
number and positions of the ATMD over the top floor of the building. Moreover, the optimal 
location of the accelerometers over the building‘ height was obtained. They optimized this 
control system for the response reduction of a tall building under the wind load. The results 
showed that the optimization procedure was capable to find the most effective configuration 
of the array of ATMDs, which was working as a passive system, minimized the flexural and 
torsional response (Venanzi et al., 2013). 
Hudson and Reynolds carried out an investigation on active vibration control in the 
design of floor structures. The main reasons for this research relied on amendments in design 
methods allowing more slender structural designs. This paper includes a comprehensive state-
of-the-art review of active vibration control for human-induced vibrations in floor structures. 
Also, different suitable algorithms for the mitigation of human-induced excitations in floors 
were discussed in this research. Furthermore, they investigated on the potential for an 
environmental and economic assessment into the overall impact of incorporating active 
vibration control so early on in the building life cycle (Hudson and Reynolds, 2012). 
An investigation on enhancing active vibration control of pedestrian structures using 
inertial actuators with local feedback control was carried by Diaz and their colleagues. They 
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showed active vibration control using inertial actuators which was an applicable method for 
the reduction of human-induced vibrations in pedestrian structures. They addressed some 
disadvantages such as their low frequency and nonlinearities related to using this method. 
Considering the disadvantages, this work focused on the design process such that stability and 
actuator saturations were taken into account to improve the efficiency of a given inertial 
actuator when the AVC system was based upon velocity feedback. Also, they illustrated the 
performance of the proposed AVC strategy through the results gathered from an experimental 
test on a full-scale concrete laboratory structure (Díaz et al., 2012). 
Pujol and their colleagues performed an investigation on a velocity based active vibration 
control of hysteretic systems. The mentioned hysteretic model was based on a modification of 
the Bouc–Wen model, where a nonlinear term was replaced by a passive function. They 
showed that using this class of hysteretic models, a chattering velocity-based active vibration 
control scheme was developed to reduce seismic perturbations on hysteretic base-isolated 
structures. The robustness and efficiency of their proposed control system were shown by 
numerical experiments (Pujol et al., 2011). 
Korkmaz and their research team utilized an active tensegrity structure to determine 
control strategies for damage tolerance. They deployed tensegrity structures for their 
flexibility and ease of tuning that made these systems attractive for controllable and adaptive 
structures. In this investigation, they performed a research on self-repair of active control of a 
tensegrity pedestrian bridge that was damaged. Through the case studies for several damage 
scenarios, they showed the effectiveness of their methodology that self-repair could be 
successfully carried out with a minimum number of active members (Korkmaz et al., 2011).   
Bleicher and their colleagues carried out a research on the development of an active 
vibration control system for a light and flexible stress ribbon footbridge. They built the 13 m 
span carbon fiber reinforced plastic stress ribbon bridge in the laboratory of the Department of 
Civil and Structural Engineering, Berlin Institute of Technology. To mitigate pedestrian-
induced excitations, they placed very light pneumatic muscle actuators at handrail level, 
acting control forces. Through their analytical and experimental results, they demonstrated 
that handrail-introduced forces could efficiently control the first mode response (Bleicher et 
al., 2011). 
Park and their research group investigated on active control of large structures using a 
bilinear pole-shifting transform with H∞ control method to control the dynamic responses in 
large structures. They utilized a direct pole-placing design to create a certain target damping 
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ratio. They demonstrated the validity of their proposed control method through the numerical 
simulations using earthquake-vibrated ten-storey building (Park et al., 2008). 
Bueno and their colleagues performed a research on active vibration control in truss 
structures through an experimental method considering uncertainties in system parameters. 
They focused on the existing nonlinearities and uncertainties in these structures that made it 
difficult task in controlling. To overcome to this difficulty, they used an identification method 
to obtain the dynamic model represented by a state-space realization. By an experimental 
methodology, they showed that an efficient robust controller design could be gained for 
complex structures with nonlinearities and uncertainties (Bueno et al., 2008). 
A research was performed on a robust control method for seismic protection of civil 
frame building by Wu and their research team. They used robustness criteria in the design 
process, including the performance robustness to mitigate tracking error and measurement 
noise. In this investigation, they deployed the mentioned robustness criteria that could be 
converted to a generalized H∞ control problem for control of civil structures. For verifying the 
proposed method, they conducted a numerical and experimental test on a full-scale steel 
frame building. Their results showed that the performance of H∞ was remarkable (Wu et al., 
2006). 
Park and their colleagues carried out a research on a wind-induced response control and 
serviceability improvement of an air traffic control tower at Incheon International Airport 
(IIA) on Yongjong Island, Korea. They deployed a hybrid mass damper (HMD) as an active 
damping system to mitigate wind-induced vibration of the tower. In this system, the H∞ 
control method with a bilinear transform was proposed to obtain optimum efficiency under 
the limitation of damper stroke. They demonstrated through numerical simulations that the 
optimally designed HMD system reduced the wind-induced excitation effectively and 
satisfied the serviceability criteria. Also, they carried out free vibration tests and presented the 
relevant results (Park et al., 2006). 
An active control for seismic response reduction using modal-fuzzy approach was 
performed by Choi and their research group. They utilized a new fuzzy controller designed in 
the modal space to generate the desired active control force. The new presented algorithm 
adopted the modal control algorithm to be able to consider information of all state variables in 
civil structures. Also, they showed that the presented algorithm could be easily deployed by 
complex models. Their research demonstrated that an active modal-fuzzy control scheme was 
applied together with a Kalman filter and a low-pass filter to be applicable to real civil 
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structures. Their results through the numerical simulations showed that the proposed active 
modal-fuzzy control system could be beneficial in mitigating seismic responses of civil 
structures (Choi et al., 2005). 
Ricciardelli and their colleagues carried out a research on the performance of passive 
(TMD), active (AMD) and hybrid (ATMD) mass dampers for the mitigation of the buffeting 
response of tall buildings. At the first step, they chose a simple 1+1 DOF to model the main 
structure provided with a mass damper. Also, they simplified the wind buffeting force into the 
white noise excitation. In their system, a linear quadratic regulator (LQR) was deployed. 
Secondly, a 64-storey building was chosen, and modeled considering its first four longitudinal 
modes. Finally, a more realistic buffeting excitation was considered, accounting for the 
frequency distribution of the atmospheric turbulence. The results showed that using ATMDs 
required much lower control forces and power. Also, they found that using 1+1 DOF system 
could provide misleading information about the damping capacities of the devices 
(Ricciardelli et al., 2003). 
Chu and their research team investigated on a real-time active control verification via a 
structural simulator. They mentioned those inherent inaccuracies in experimental set-up or 
modeling and significant cost of experimental hardware could be a missive difficulty in 
structural control installation. They implemented the algorithm inside a dedicated PC 
controller with an independent Digital Signal Processor (DSP) to calculate the required 
control force. Also, they deployed another PC structural simulator to emulate the real-time 
response of a theoretic structure with the Hybrid/Active Mass Damper (HMD/AMD) in order 
to verify the real-time control effect. The results showed that a real-time structural simulator 
could be enhanced to more complicated and non-linear models. Also, they obtained that using 
PEROM function would provide a flexible tool to deploy different control algorithms. 
Furthermore, they came to the conclusion that using the DSPLINK digital interface could 
make the system possible to be considered in a high speed independent control scheme. 
Moreover, it was found that the control force application delay time could be easily emulated 
by adjusting the internal clock of DSP controller (Chu et al., 2002). 
A practical application of active mass dampers with hydraulic actuator was investigated 
by Yamamoto and their colleagues. They developed the previous research related to AMD 
system using an electro-servo-type hydraulic actuator. They applied this system to four 
building in Japan. For verifying the control performance of the AMD in those buildings, they 
carried out free vibration tests. Moreover, they conducted wind and earthquake observations 
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after the completion. The results showed a good performance of energy absorption of the 
vibration during wind and low level earthquakes (Yamamoto et al., 2001).  
Ikeda and their research group performed the first application of an active mass driver 
system in structural controls in the civil engineering field. They installed an active mass 
driver (AMD) system in a ten-storey office building in Tokyo to prevent structural responses 
under earthquake and wind excitations. In this system, they deployed LQR algorithm. They 
came to this conclusion that both the simulation and the system identification confirmed that 
the AMD system achieved the control mission under the earthquake vibrations (Ikeda et al., 
2001). 
2.5 Types of Feedback Controls 
In smart seismic structures, the types of feedback controls are categorized as follows: 
2.5.1 Open-loop Feedback Control 
A schematic layout of an open-loop control is indicated in Figure ‎2.4. As is clear from 
this figure, in an open-loop control, the control forces are calculated based on a feedback of 
external excitations, such as earthquakes. Therefore, the control law only needs to attain the 
data due to the earthquake excitations. That is why an accelerometer is placed at the base of 
the building structure to measure the vibration due to the ground acceleration. Eventually, 
using these measured data, the control forces are calculated based on the active control 
algorithm in open-loop control, and then the control forces are applied to the structure. 
 
 
Figure  2.4. Schematic layout for open-loop control. 
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Installation of an open-loop control in an active tendon control system has been shown in 
Figure ‎2.5 (Cheng et al., 2010). 
 
Figure  2.5. Open-loop control installation in an active tendon control system. 
2.5.2 Closed-loop Feedback Control 
A schematic layout of the closed-loop system is demonstrated in Figure ‎2.6. This figure 
shows that the control force is calculated based on a feedback of the system response, which 
is denoted by the state variables. In this feedback control, the state variables consist of the 
structural displacements and velocities. Therefore, in a closed-loop control system, the 
relative displacements and velocities of the structure, which represent the system responses, 
should be measured and obtained for using in the control law. The active control force is 
generated based on the closed-loop active control algorithm, using the measured data related 
to the above mentioned structural responses. Finally, the control force is applied to the 
structure.   
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Figure  2.6. Schematic layout for closed-loop control. 
Using the closed-loop feedback in a   th order system will require measuring the full-
state vector. In other words, to measure the full structural response,    sensors are required. 
However, utilizing analog differentiators or state estimators (observers) will greatly reduce 
the number of sensors.    
Installation of a closed-loop control in an active tendon control system is shown in 
Figure ‎2.7 (Cheng et al., 2010). 
 
Figure  2.7. Closed-loop control installation in an active tendon control system. 
2.5.3 Open-closed-loop Feedback Control 
The open-closed-feedback control emerges by combining the open-loop and closed-loop 
control layouts. The schematic layout of such a system is indicated in Figure ‎2.8. As the 
figure shows, this layout needs to contain the data related to both the system response and 
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external excitation. In this type of feedback control, both the structural response i.e. the 
relative displacements and velocities, and earthquake acceleration should be measured and 
obtained. Then, using these data, the required control force is calculated based on the active 
control algorithm and finally, the control force is exerted into the structure (Cheng et al., 
2010). 
 
Figure  2.8. Schematic layout for open-closed-loop control. 
Installation of an open-closed-loop control in an active tendon control system is shown in 
Figure ‎2.9 (Cheng et al., 2010). 
 
Figure  2.9. Open-closed-loop control installation in an active 
tendon control system. 
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2.6 Suitable Feedback Control for Seismic Structures  
The advantage of the open-loop feedback control relies on its simplicity in sensing the 
earthquake ground acceleration. As mentioned earlier, this feedback control needs only one 
accelerometer installed at the base of the building structure. However, for finding its optimal 
feedback gain, the earthquake acceleration should be known in advance during the whole 
control time. Undoubtedly, this process is not feasible for most smart seismic structures 
(Soong et al., 1990, Cheng et al., 2010).    
The existence of the advanced optimal control algorithms expresses the advantage of the 
closed-loop feedback control in attaining the optimal feedback gain. The weakness of this 
system relies on demanding the system to use a large number of sensors to measure the state 
variable vector. As mentioned earlier, this weakness of the closed-loop feedback control has 
already been seen to recede using the seismic observer technic, which extensively simplifies 
the sensing system. 
The open-closed-loop feedback control, as denoted earlier, is the combination of the 
open and closed-loop feedback control, and is expected to be better than them. However, its 
problem in obtaining the optimal feedback gain is similar to that of the  open-loop feedback 
control.  
Therefore, considering the above explanations, the most popular layout in the feedback 
control is the closed-loop feedback control, while the others are impossible to be used in 
seismic response control. In this research, the closed-loop feedback control has been used 
(Cheng et al., 2010). 
2.7 Typical Control Strategies in Civil Engineering Structures 
In smart structure technology, having an effective control algorithm to generate control 
forces to be applied to the structure is a vital element. Ordinarily, significant civil structures 
are huge and complex, and their external excitation loadings are unknown and diverse. Smart 
structures strongly require an effective control algorithm to be reliable and active under 
different dynamic conditions.  
In early stages of deploying control systems in smart structures, algorithms were based 
on using available control algorithms such as the LQR and LQG controllers. Theses 
algorithms have been already developed in other engineering fields, like aerospace 
engineering (Albus et al., 2007, Hentschel et al., 2007, Huang and Xu, 2007, Zemalache et al., 
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2007, Shih and Wang, 2008, Chen et al., 2009) Recently, researchers have been interested in 
modifying the existing control algorithms or evolving fresh algorithms to be deployed in the 
complicated civil structures. These algorithms are explained as follows (Fisco and Adeli, 
2011): 
2.7.1 LQR 
To solve optimal control problems, one of the most well-known methods for researchers 
is the LQR algorithm (Adeli, 1999). In this algorithm, optimum forces are generated by 
minimizing a cost function. Referring to the control systems in civil structures, the cost 
function often is related to the desirable amounts of displacements and accelerations in the 
structure. The cost function includes weighted parameters to adjust these limits and assist in 
the optimization of the controller. LQR has been the most commonly-used algorithm in 
control systems since it has been deployed by researchers in the field of control systems 
(Duan et al., 2005, Aldemir, 2009). To enhance the effectiveness of the conventional LQR 
algorithm, some modifications have been proposed. 
Guoping and Jinzhi investigated on time-delay in an LQR algorithm to be deployed in 
controlling an active bracing system in a 2D, three-storey frame subjected to the 1940 El 
Centro earthquake (Guoping and Jinzhi, 2002). 
Ma and Yang performed a research on an adaptive LQR-based feedback–feedforward 
controller, which could continuously adjust the control gain via an excitation. This 
modification could be carried out using a random value from a set of pre-calculated gains as a 
starting point. To find the random gain which generated the smallest cost, each of those 
recorded in the control system was tested. Then, the provided cost was modified based on the 
input excitation value, and the process was repeated. They deployed this algorithm to install 
in a 2D five-storey frame equipped with active tendons under the 1995 Kobe and 1979 
Imperial Valley earthquakes loading. The authors reported the amended performance 
compared with using a conventional LQR (Ma and Yang, 2004).   
A comparison research on the efficacy of LQR, generalized LQR, and displacement-
acceleration domain controllers was carried out by Sadek and Mohraz on SDOF and MDOF 
models. For this purpose, they used variable stiffness dampers subjected to 1951 Northwest 
California, 1957 San Francisco, California, 1935 Helena, Montana, 1966 Parkfield, 
California, 1971 San Fernando, 1989 Loma Prieta, California, and 1994 Northridge 
earthquakes. The generalized LQR was created from incorporation of a generalized cost 
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function and an imposed penalty on the absolute acceleration of the structure. Also, the 
displacement-acceleration domain controller was related to the bang-bang control strategy, 
which switched rapidly on or off between two extreme states and did not function between the 
two bounds. The results showed that the generalized LQR controller further reduced 
maximum displacement and acceleration of the models by 12% and 31%, respectively, in 
comparison with the other two control algorithms (Sadek and Mohraz, 1998). 
Djajakesukma and their colleagues investigated on a modified LQR control algorithm 
considering integral and feedforward control terms. They compared them with Lyapunov-
based, sliding mode and traditional LQR control algorithms. They installed it to a 35m tall, 
five-storey steel model armed with a semi-active stiffness damper subjected to the 1995 Kobe, 
1994 Northridge, 1940 El Centro and 1968 Hachinohe earthquakes and reported an amended 
performance (Djajakesukma et al., 2002).  
Mei and their research team deployed the model predictive control scheme in a 
benchmark problem to control wind excited response of a tall structure. In this control 
strategy, they minimized an objective function and calculated the desired control force by 
using the LQR algorithm to control the excitations of a benchmark 76-storey building 
equipped with an ATMD (Yang et al., 2004). A reduction of 43% in RMS acceleration of the 
top floor compared with the traditional LQR was reported by the authors (Mei et al., 2004).   
Alavinasab and their colleagues deployed an energy balance in the LQR algorithm for 
controlling an active tendon system. Referring to the results, they showed amended 
performance in comparing with a standard LQR algorithm, for mitigating the structural 
response of a two-dimensional, with the scale of 1:5, three-storey frame armed with 1 kN 
actuators installed in the first and third storeys in active tendons under the  1940 El Centro, 
1968 Hachinohe and 1952 Taft earthquakes loadings (Alavinasab et al., 2006). 
As the performance index, Aldemir performed a research on a simple integral type 
quadratic functional for the LQR algorithm. They could derive a control policy between 
successive control instants through minimization of the proposed performance index. The 
authors installed this algorithm to a linear lumped mass shear frame equipped with active 
tendons subjected to seismic vibrations. The numerical simulation results showed that the 
proposed control (PC) strategy had capability to prevent the uncontrolled seismic excitations 
and better performance than the classical linear optimal control (CLOC) algorithm (Aldemir, 
2010). 
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2.7.2 LQG 
The LQG algorithm is created by combination of a linear quadratic estimator with a 
linear quadratic regulator. This control strategy was originally invented for systems subjected 
to the disturbance of white Gaussian noise (Fisco and Adeli, 2011). 
Lu and their research group proposed an LQG control strategy called loop-transfer-
recovery to control the response of 2D structures subjected to seismic loading. In this 
algorithm, the Kalman Filter recovers internal stability. The results showed that the proposed 
control method is applicable to full-scale buildings under the seismic excitations (Lu et al., 
1998).  
A modified LQG control algorithm with an adjustable relative stability and a gain 
parameter was proposed by Wang to control benchmark buildings subjected to earthquake and 
wind excitations presented by (Yang et al., 2004) and the author reported promising 
performance (Wang, 2004).  
2.7.3 Neural Network Controllers 
The development and application of neural network-based in the recent years, e.g. (Sirca 
Jr and Adeli, 2005, Ghosh-Dastidar and Adeli, 2007, Ghosh-Dastidar et al., 2008, Adeli and 
Panakkat, 2009, Ghosh-Dastidar and Adeli, 2009, Menke and Martinez, 2009, Panakkat and 
Adeli, 2009, Ahmadlou and Adeli, 2010, Cong et al., 2010, Graf et al., 2010, Patrinos et al., 
2010, Schliebs et al., 2010) or other types of adaptive/intelligent control algorithms for 
linear/nonlinear active control systems including mostly small structural systems were 
reported by a number of authors. 
Firstly, Ghaboussi and Joghataie deployed a neural network-based emulator to recognize 
the response of a three-storey, 2D frame. Next, a neural network-based controller was trained 
utilizing the emulator for linear control of the structure. They used displacement and 
acceleration responses of the structure through the prior two time intervals and actuator 
electric signals through the prior three time intervals as input to the neural network model. 
Their results showed that neural network-based control algorithms would have a promising 
future for using as adaptive controllers after further research (Ghaboussi and Joghataie, 1995).     
Bani-Hani and Ghaboussi carried out a research on the neural network-based control 
strategy for nonlinear controlling a three-storey, 2D benchmark frame structure. They 
considered nonlinearity in the structural material. The results showed sufficient precision for 
the mentioned active control system (Bani-Hani and Ghaboussi, 1998).   
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An adaptive controller, utilizing neural networks strategy was presented by Hung and 
their colleagues. This algorithm regulated the exerted control force pulse in such a way that 
there was no transferring from the previous time step to the current time step. They applied 
this algorithm to two-dimensional SDOF and MDOF frames equipped with active tendons, 
subjected to 1940 El Centro and 1971 San Fernando earthquakes, and demonstrated the 
efficacy of their algorithm (Hung et al., 2000). 
Brown and Yang performed a research on neural networks to anticipate performance 
variables including exerted control forces and displacements. Using this algorithm, they 
improved the efficacy of an active control system equipped with actuators in a simple three-
storey lumped-mass shear-beam model (Brown and Yang, 2001). 
Also, Liut, Kim, Xu and Wang with their research team and Madan carried out 
investigation on the deployment of neural networks in active structural control systems (Liut 
et al., 1999, Kim et al., 2000, Kim and Lee, 2001, Xu et al., 2003, Madan, 2005, Wang and 
Liao, 2005). 
2.7.4 Fuzzy Logic Control 
A Fuzzy Logic Controller (FLC) has been generated based on fuzzy logic which is a 
mathematical method utilizing logical variables with continuous values. Unlike to the 
classical logic, the mentioned logic operates on discrete values, either 0 (false) or 1 (true) 
(Samant and Adeli, 2001, Adeli and Jiang, 2003, Adeli and Jiang, 2006, Sabourin et al., 2007, 
Rigatos, 2008, Jin and Doloi, 2009, Villar et al., 2009, Bianchini and Bandini, 2010, Kim et 
al., 2010, Li et al., 2010, Rokni and Fayek, 2010, Sadeghi et al., 2010, Theodoridis et al., 
2010, Yu and Li, 2010). In the input phase, the sensor information is translated to the values 
gained from a membership function. The processing phase includes a number of if-then logic 
rules. 
Zhou and their colleagues suggested an FLC, having an adaptation law and using the 
closed-loop feedback control system. They deployed MR dampers for controlling excitations 
in SDOF and MDOF structures (Zhou et al., 2003). 
Al-Dawod and their research group utilized the FLC for vibration controlling of 2D 3-
storey and 20-storey benchmark building frames, deploying actuators, under 1940 El Centro, 
1968 Hachinohe, 1994 Northridge, and 1995 Kobe earthquakes loading, and reported its 
efficacy in control systems (Al-Dawod et al., 2004). 
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An FLC algorithm was presented by Ahlawat and Ramaswamy which utilized a Genetic 
Algorithm (GA) (Adeli and Cheng, 1994a, Adeli and Cheng, 1994b, Adeli and Kumar, 
1995b, Adeli and Kumar, 1995a, KIM and ADELI, 2001, Sarma and Adeli, 2001, Sarma and 
Adeli, 2002). They applied this algorithm for multi-objective minimization of the peak 
acceleration and inter-storey drift in the benchmark building structures suggested by (Yang et 
al., 2004) to control the structural excitations subjected to seismic and wind loads (Ahlawat 
and Ramaswamy, 2004a, Ahlawat and Ramaswamy, 2004b). 
Kim and Roschke performed a research on comparing an FLC, utilizing multi-objective 
GA optimization of control parameters with skyhook (a controller that can exert a control 
force once the sign of the force and velocity become identical) and human-designed FLC 
algorithm. They carried out this investigation for controlling the structural responses of a 
single 24000 kg mass placed on four friction pendulum base isolators, and deploying a 300 
kN MR damper. The laboratory model was subjected to seismic loading of 1940 El Centro, 
1995 Kobe and 1994 Northridge earthquakes. They reported that the suggested control 
algorithm mitigated base drifts and structural accelerations up to 33% and 45% more than 
other control strategies (Kim and Roschke, 2006).     
Also, (Teng et al., 2000, Atray and Roschke, 2004, Choi et al., 2004, Samali et al., 2004, 
Nomura et al., 2007) performed a research on the application of the FLC as a control 
algorithm. 
(Kim et al., 2010) reported a Multi-Input, Multi-Output (MIMO) semi-active fuzzy 
control algorithm for controlling of small scale buildings under seismic excitations via 
integration of a set of model-based fuzzy controllers. The mentioned algorithm was applied to 
an 8-storey building structure deploying with MR dampers. 
2.7.5  Sliding Mode Controllers 
Sliding Mode Control (SMC) is a control algorithm that deploys high frequency 
switching to prepare control (Solea and Nunes, 2007). In this algorithm, one control law is 
switched to the next ―sliding‖ by the controller along the boundaries of the control strategies. 
A modified SMC utilizing acceleration feedback was proposed by Wu. The author 
carried out shaking table tests on a steel structure frame as a model with dimensions of 4.5m 
by 3m by 9m equipped with active bracings and hydraulic actuators under loading of 1940 El 
Centro and 1995 Kobe earthquakes (Wu, 2003). 
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Wu and Yang reported a modified SMC algorithm that utilized a prefilter to orderly 
modulate the control force to mitigate the excitations of the 76-storey benchmark building 
equipped with an ATMD implement (Wu and Yang, 2004). 
Also, some research have been performed by Kim, Lee, Zuo and Wang with their 
colleagues  to demonstrate the efficacy of SMC in structural vibration control systems (Kim 
and Yun, 2000, Lee et al., 2004, Zuo and Slotine, 2005, Wang and Lin, 2007). 
2.7.6 Wavelet-based Control Algorithm 
Wavelet algorithms have been applied in several fields such as earthquake signal 
processing (Zhou and Adeli, 2003), structural health monitoring (Jiang and Adeli, 2007, 
Umesha et al., 2009), intelligent transportation systems (Samant and Adeli, 2000, Karim and 
Adeli, 2002, Ghosh‐Dastidar and Adeli, 2003, Karim and Adeli, 2003, Adeli and Ghosh-
Dastidar, 2004, Jiang and Adeli, 2005, Ghosh-Dastidar and Adeli, 2006, Boto‐Giralda et al., 
2010, Ghosh et al., 2010) and processing of images (He et al., 2010). 
For the first time, Adeli and Kim  proposed the wavelets concept for structural vibration 
control (Adeli and Kim, 2004). A novel wavelet-hybrid feedback LMS algorithm was 
presented by the authors for robust control of civil engineering structures. For this purpose, 
they deployed adroit integration of a feedback control strategy like LQR or LQG algorithm, 
the filtered-x Least Mean Square (LMS) algorithm and wavelets. The advantages of the novel 
wavelet-based algorithm were expressed as follows: 
 
1. To have the external vibration term in the formulation. 
2. To have capability to prevent excitation over a range of input excitation 
frequencies. 
3. To have less sensibility for considered structural approximations and errors 
compared to conventional algorithms. 
4. To have efficacy in control systems both in steady state and transient excitations. 
5. To deploy wavelet transform in the control strategy for stable updating of the 
adaptive filter coefficients. 
An active vibration control of cable-stayed bridges subjected to different seismic 
vibrations deploying the abovementioned wavelet-based control algorithm was proposed by 
Kim and Adeli. The authors presented performance results for a benchmark cable-stayed 
problem. They demonstrated through simulation results that the new control strategy was 
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more effective than LQG algorithm, under El Centro, California (1940), Mexico City (1985), 
and Gebze, Turkey (1999) earthquake loadings. The results showed that the mentioned 
algorithm was robust against the existent uncertainties in small-scale structures (Kim and 
Adeli, 2005). 
Jiang and Adeli carried out an investigation on a novel nonlinear control model in an 
active control system. They applied this control strategy in three-dimensional building 
structures using the adroit integration of two methods, neural networks and fuzzy logic, and 
wavelets. In the formulation of structural control, they considered both material and 
geometrical nonlinearities, as well as two dynamic coupling actions. These couplings were 
defined between lateral and torsional motions of the structure, and coupling between the 
actuator and the structure. For gaining a prediction in the structural response at future time 
intervals, they used a dynamic fuzzy wavelet neuroemulator, and performed its validation by 
utilizing two irregular 3D steel building structures which were a 12-storey structure having 
vertical setbacks, and an 8-storey structure having irregularity in its plan. They demonstrated 
that the suggested neuroemulator generated a precise prediction for responses of structural 
displacements; a prerequisite to deploy neural network in structural active control systems 
(Jiang and Adeli, 2008).   
41 
 
 CHAPTER 3
ACTIVE TOGGLE CONTROL SYSTEM IN 
SINGLE- AND MULTI-DEGREE-OF-FREEDOM 
FRAMES 
3.1 Introduction 
The toggle configuration has been recognised as an efficient layout for viscous damper 
installation in a structural system having a large stiffness. Employing the concept of energy 
dissipation has been explored via devices installed in the conventional earthquake-resistant 
structures and can protect the structures effectively against seismic excitations (Soong and 
Dargush, 1997, Council, 2000). Fluid viscous dampers are devices which can strongly 
enhance the damping ratio and, consequently, mitigate the structural vibrations caused by 
excitation (Constantinou and Symans, 1992, Hwang et al., 2004, Reinhorn et al., 2005). Also, 
in recent years, the practical installation of these types of dampers in civil engineering 
structures can be found in the work of (Soong and Spencer, 2002). However, there is a 
particular challenge in installing various dampers in a stiff structural system. The reason is 
that the seismic structural responses i.e. storey displacement and velocity, are small compared 
with a typical flexible structure. Therefore, viscous dampers with a substantial force capacity 
and a massive damping coefficient are needed for dissipating a relevant amount of energy and 
attaining an intended damping ratio. Then, the implementation of viscous damping devices in 
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structures having more stiffness will be less efficient than installation in a structure having an 
acceptable flexibility.  
Considering the latter challenge, researchers have recently suggested some 
configurations for installing the dampers to enhance the displacements and velocities in 
dampers. Taylor in U.S. Patent Nos.5870863 and 5934028, 1996 (Taylor, 1999) has 
suggested the ―toggle-brace-damper‖ system. An investigation into the ―toggle-brace-
damper‖ system has been performed by (Constantinou et al., 2001). In this investigation, the 
ability of this system to magnify the damper‘s axial displacements and the efficiency of 
energy dissipation has been verified through a cyclic loading and shaking table tests in a 
SDOF steel model. Aiming to have more free architectural spaces in buildings, a similar 
system to toggle-brace-damper, called the ―scissor-jack-damper‖ system, has been introduced 
(Sigaher and Constantinou, 2003). This system can also magnify the damper displacements 
and velocity and enhance the efficiency of energy dissipation in the frames having less 
occupied architectural spaces. Some practical examples of using the toggle-brace-damper 
systems in constructions have been outlined (Constantinou et al., 2001). One such practical 
example, that is, 111 Huntington Avenue in Boston, Mass., has a lower toggle system directly 
connected to the beam-column joints, which is different from the configuration proposed by 
(Constantinou et al., 2001). Moreover, (Hwang et al., 2005) have investigated the effect of the 
lower and upper toggle system in the latter system and the facilitation of the practical 
implementation of the dampers.      
In this research, the upper toggle system that is directly connected to the beam-column 
joints has been suggested for installation in an active control system. Unlike the 
aforementioned toggle configurations which have been utilized in the passive systems, this 
research performs investigations to find the effect of the toggle configuration in the mitigation 
of the active control system. 
3.2 SDOF Toggle Configuration 
A single-degree-of-freedom shear frame with one span and one storey is considered, as 
shown in Figure ‎3.1, where the actuator has been installed in a toggle configuration, i.e. OB 
member. OA and OC are the members considered to be axially rigid. The members of OA and 
OC are connected to the main frame at points A and C and to each other at point O. These 
connection points are hinged connections. It means that these two members can rotate freely 
about a normal axis passed through point A, C and O in the plane of members OA and OC. 
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Also, the figure shows a response sensor has been implemented at the top of the frame. 
Furthermore, there is a controller installed in this system that can determine the control 
signals by its own algorithm based on the received structural response data measured by the 
sensor. 
  
Figure  3.1. Toggle configuration in active control system. 
Figure ‎3.2 shows the relevant forces in the toggle configuration in the active control 
system. As can be seen from the figure, the structural response i.e. velocities and 
displacements due to earthquake forces is measured by the sensor. Then, the measured 
information is sent to the controller. Furthermore, the controller determines the control forces 
based on its algorithm and sends the signals to the actuator. Finally, the actuator applies the 
control force, through members OA and OC, to the main structure in order to neutralize the 
effect of that disturbance in the opposite direction.  
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Figure  3.2. Forces in active toggle control system. 
In this figure  ( ) is actuator force,   ( ) and   ( ) are tension or compression forces in 
members OA and OC with regard to the direction of the displacement,  is a lumped mass of 
the structure and  ̈  is the earthquake acceleration. 
3.3 Motion Equation in Active Tendon Control Systems 
As discussed in Chapter 1, active control systems installed in structures to reduce the 
seismic response of structures are fully adaptive systems. Since they have sensors and 
actuators in their systems and are working together simultaneously, they can adapt themselves 
to the variations in environment. The task of the actuators is the generation of control forces 
based on the measured external excitations and system response, as well as the application of 
force directly to the structure to mitigate the seismic response. 
In order to analyze and design a smart structural control system using active seismic 
response control, the formulation of an analytical model of the whole system must be the first 
step. In other words, the dynamic behavior of the whole system, consisting of the structure, 
sensors, actuators and the controller, should be known. In theory, all the components of an 
active control system, such as sensors, actuators and the controller, are considered dynamic 
systems. In practical cases in active control systems, these components are usually presumed 
as linear systems. Their linearity is related to the proportional relationship between their input 
and output. Sensors used in active control systems are known as ‗linear variable displacement 
transducers‘ (LVDTs) and accelerometers, whose behaviors are linear in the frequency range 
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of structural seismic response. Therefore, their behavior model can be shown by linear 
equations with a gain from input to output. The controller can also be considered as a linear 
device whose mathematical model would be a linear matrix equation with a feedback gain 
from input to output. The aforementioned linear equation is known as the feedback control 
law, which is determined by a control algorithm. Investigations show that after the 
stabilization of actuators in an active control system, the actuator behavior can be considered 
linear (Chung et al., 1989, Rodellar et al., 1989, Soong et al., 1990, Cheng and Jiang, 1998b, 
Cheng and Jiang, 1998a).       
In this research, the active tendon control system has been used as a comparison unit to 
compare the control forces related to the active toggle control system, which is explained 
completely in this chapter. For this reason, the obtaining of the motion equation in the active 
tendon control system will be discussed completely in this section. However, due to the 
similarity in the concepts, the explanation of the motion equation for other types of active 
control systems is avoided. 
As indicated in Figure ‎3.3, an n-storey one-bay shear building structure is considered 
under an earthquake excitation. Also, active tendons have been installed in some floors. The 
type of actuators used in this system is servovalve-controlled hydraulic actuators. Each floor 
will have its own choice to have or not have the tendons and control device. Then, if the 
number of floors and actuators are   and   respectively, it is clear that    .   
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Figure  3.3. Schematic active tendon control system in a building structure. 
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Figure  3.4. Model of structures having active tendon control. 
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Figure  3.5. Free-body diagram of structures having active tendon control. 
Using Figures 3.4 and 3.5, the motion equation of the structure having active tendon 
control system is expressed as follows (Cheng et al., 2010): 
 
 
49 
 
{
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     (         )              
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     (         )    (       )          
  ( ̈   ̈ )    ( ̇   ̇   )    (       )     
 (‎3.1) 
In the above mentioned equations,   ,    and    are the mass, damping and stiffness 
coefficients for the  th floor of the building structure, respectively, where (         );    
denotes the horizontal component of the active tendon force which has been produced by the 
 th actuator, where (         );  ̈  is the absolute ground acceleration and    expresses 
the  th floor relative displacement, as follows: 
         (‎3.2) 
where (         )  and    and    are  th floor and ground absolute displacements, 
respectively. 
For obtaining the matrix form of the motion equation of the system, Equation  3.1  can be 
written as follows:  
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 (‎3.3) 
Equation  3.3 can be condensed into matrix form, as follows: 
[ ][ ̈( )]  [ ][ ̇( )]  [ ][ ( )]  [ ][ ( )]  [ ][ ̈ ( )] (‎3.4) 
Equation  3.4 shows the motion equation of the building structure under an earthquake 
acceleration, where: 
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 (‎3.5) 
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 (‎3.6) 
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 (‎3.7) 
[ ]  [                   ]
  (‎3.8) 
[ ( )]  [  ( )   ( )     ( )     ( )]
  (‎3.9) 
[ ( )]  [  ( )   ( )     ( )     ( )]
 
 (‎3.10) 
In Equation  3.4, [ ], [ ] and [ ] are     matrices of mass, damping and stiffness of 
the building structure, respectively; [ ( )] with the dimension of     and [ ( )] with the 
dimension of     express the vectors of floor displacements and control forces of active 
tendons, respectively; also [ ] with dimension of     shows the coefficient for earthquake 
ground acceleration  ̈ ( ) . Moreover, in the mentioned equation, matrix [ ]  denotes the 
location matrix of control forces of active tendons. If it is assumed that one active tendon is 
installed in every floor of the building structure, the location matrix is expressed as follows: 
[ ̅]  
[
 
 
 
 
 
 
   
   
   
  
  
   
  ]
 
 
 
 
 
 
   
 (‎3.11) 
In this case, the matrix of control force will be indicated as below: 
[ ̅( )]  [  ( )   ( )     ( )     ( )]
 
 (‎3.12) 
On the other hand, if only   (   ) active tendons are installed on some of the floors of the 
structure, the control force matrix [ ( )] of     and its relationship with matrix [ ̅( )] with 
dimension of     are indicated as follows: 
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[ ̅( )]    [  ( )   ( )         ( )           ( )   ( )]
  
(‎3.13) 
 
[
 
 
 
 
 
 
 
 
         
         
         
         
         
         
         
         
         ]
 
 
 
 
 
 
 
 
   
  
[
 
 
 
 
  ( )
  ( )
 
    ( )
  ( ) ]
 
 
 
 
   
 [ ]    [ ( )]    
Accordingly, having the   active tendons, the location matrix [ ] can be attained as below: 
[ ]    [ ̅]    [ ]    (‎3.14) 
3.4 Motion Equation in Active Toggle Control System 
The motion equation of the toggle system can be obtained through the following process.   
Considering Figure ‎3.2, the equilibrium of horizontal forces in the hinge O in a time 
instant can be written as follows: 
  ( )         ( )        ( )          (‎3.15) 
where,  ( ) is actuator force,   ( ) and   ( ) are tension forces in the members of OA and 
OC, respectively. Also, the angles of   ,    and    have been shown in Figure ‎3.2. 
Similarly, the equilibrium of vertical forces in the hinge O is obtained as below: 
  ( )         ( )        ( )          (‎3.16) 
  ( ) and   ( ) can be derived by solving Equations  3.15 and  3.16 simultaneously indicated 
as below: 
  ( )     ( ) (‎3.17) 
  ( )     ( ) (‎3.18) 
where,    and    are as follows: 
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      (     )    (     )⁄  (‎3.19) 
      (     )    (     )⁄  (‎3.20) 
If ,  , and   are the lumped mass, damping and stiffness of the structure, respectively,  the 
motion equation of the system considering the concept of dynamic equilibrium can be written 
as follows: 
  ̈( )    ̇( )    ( )   ( )                  ̈ ( ) (‎3.21) 
After substituting Equation  3.17 into Equation  3.21 and using Equation  3.19, the motion 
equation for the toggle system is derived as: 
  ̈( )    ̇( )    ( )     ( )    ̈ ( ) (‎3.22) 
while, 
        
   (     )
   (     )
      (‎3.23) 
Equation  3.22 is the motion equation for an active control system in the toggle 
configuration, illustrated in Figure ‎3.2. In this formula,  is the mass in       ,   is the 
damping coefficient in     ⁄ ,   is the stiffness in     ,  ( ) is the actuator force in   , 
 ̈ ( ) is the earthquake acceleration in   
  and   is the toggle coefficient, which depends 
on the angles of   ,    and   . Equation  3.22 dictates the motion of the system for toggle 
configuration. From the point of view of control system design, the objective is to minimize 
the displacement   ( )  by changing the force  ( ) . The variable  ̈( )  is the acceleration 
generated by an earthquake excitation, which is considered to be disturbance.  
3.5 Efficiency of Active Toggle Control System 
As mentioned already in Section ‎1.5.2, one of the specific objectives of this research is 
the reduction of the required active control forces applied by the actuators. This reduction of 
control forces is selected as an efficiency factor in the active toggle control system. Therefore, 
for investigating the efficiency of the active control system having a toggle configuration, two 
single-degree-of-freedom systems with identical mass, damping and stiffness values have 
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been chosen. The first system has the active control system in a toggle configuration and the 
second one has a tendon control system (Cheng et al., 2010), as indicated in Figures ‎3.6 
and ‎3.7, respectively.  
The motion equation of the active toggle control system, which has been already 
achieved in Section ‎3.4, is restated here, as follows: 
  ̈( )    ̇( )    ( )           ( )    ̈ ( ) (‎3.24) 
The motion equation of the active tendon control system, indicated in Figure ‎3.7, and 
referring to Section ‎3.3, can be derived using Equation  3.4 as below, while the frame has a 
single-degree-of-freedom. Notice that in this comparison, the mass, damping and stiffness of 
both frames are assumed to be identical. 
  ̈( )    ̇( )    ( )          ( )    ̈ ( ) (‎3.25) 
Using Equations  3.24 and  3.25, the relationship between the actuator forces related to the 
toggle and tendon systems in a time instant is obtained as follows: 
       ( )  (
 
 
)       ( ) (‎3.26) 
where   is the toggle coefficient, defined in Equation  3.23.  
 
Figure  3.6. Active toggle control system. 
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Figure  3.7. Active tendon control system. 
Equation  3.26 shows that the active toggle control system is more efficient than the 
active tendon control system if   is greater than unity. Therefore, for proving that, the 
variation of   for all the acceptable values of    should be investigated. For this purpose, the 
effect of toggle coefficient   in the active toggle control system has to be studied. 
In Section ‎3.6, it will be proved that all values of   are greater than unity. Therefore, the 
control forces in the toggle control system are   times smaller than the control forces in the 
tendon control system for stabilizing the frame against the same excitation.  
Figure ‎3.9 shows that, when    approaches to its maximum values, the toggle coefficient 
  increases rapidly. However, the toggle establishment criterion, i.e.         
 , as well 
as practical restrictions, should be considered during the design process.   
3.6 Effect of Toggle Coefficient   
In the toggle configuration indicated in Figure ‎3.2, for any given value for   , the 
corresponding value for    is calculated using the geometry of the system. In other words, the 
proper establishing of the motion equation in the toggle system depends on suitable values for 
   to    and   . Otherwise, the toggle configuration of the active control system will no 
longer be valid. It should be mentioned that the system works as a toggle configuration in the 
active control system if         
 .  
In the toggle configuration,    and    are independent values. It means that all other 
geometrical characteristics can be calculated from the geometry of the system after selecting 
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values for    and   . Considering Figure ‎3.8, these values can be calculated by the following 
formulas: 
   √(     
         (     )) (‎3.27) 
         (
   
       
 
    
) (‎3.28) 
         (‎3.29) 
   √(     
         (  )) (‎3.30) 
         (
   
       
 
    
) (‎3.31) 
         (‎3.32) 
 
Figure  3.8. Toggle configuration parameters in SDOF active control system. 
The effect of variations of    and    is shown, in Equation  3.22, in the coefficient of  , 
which has been multiplied as a direct factor to the actuator force. Hence, numerically finding 
variations of   with respect to    through Equation  3.23, would be more straightforward. 
Therefore, considering h=3.0 m and L=5.0 m in Figure ‎3.6, the variations of   with respect to 
   having different    can be determined. Notice that in this calculation, the maximum values 
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of    and    can be easily obtained using Figure ‎3.6. However, as a toggle establishment 
criterion mentioned earlier, the inequality of         
  must be satisfied. Then, the 
maximum values for    and    are derived 30.96° and 59.04°, respectively.    
Using Equation  3.23, all values of   have been plotted with respect to all acceptable 
values of    while    varies from 1.0m to 4.0m. These results are indicated in Figure ‎3.9. 
 
Figure  3.9. Variations of   with respect to    with different   . 
Figure ‎3.9 shows that all values of   are greater than unity. Therefore, referring to 
Section ‎3.5 regarding the efficiency of the toggle system compared to the tendon system, 
these values of  , which are greater than unity, prove that the toggle system is more efficient 
than the tendon system.  
3.7 Effects of    and    in Toggle Configuration 
It was noted in Section ‎3.6 that    and    are independent values in the toggle 
configuration. This means that these two parameters should be preselected prior to the design 
of the active control system in a toggle configuration. This is why selecting the suitable 
values for these two parameters is very important. 
Figure ‎3.9 is the same figure which shows the effects of both    and    in the toggle 
system. This figure indicates that, when the value of     approaches its maximum value, the 
toggle coefficient of   increases rapidly. In other words, the toggle system acts more 
efficiently in   s that are close to their maximum values. Although reaching the higher toggle 
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coefficient is desirable, the toggle establishment criterion         
  and construction 
restrictions have to be taken into consideration as well in choosing   . 
Also, the results indicated in Figure ‎3.9 can help designers to choose the optimum value 
for    based on their construction specifications and restrictions. It is clear from Figure ‎3.9 
that the smaller    generates the greater  . Therefore, to have the more efficient toggle 
system, the smaller    should be selected.     
3.8 Effects of Frame Span Length in Toggle Configuration  
To investigate the effects of variations of the frame span length,  , on the toggle 
coefficient, the numerical method similar to that utilized in Section ‎3.6 is applied here. For 
this, considering h=3.0 m and L1=1.5 m in Figure ‎3.6, the variations of   with respect to    
having different   can be determined. The result has been printed in Figure ‎3.10.  
 
Figure  3.10. Variations of   with respect to    with different  . 
Figure ‎3.10 shows that the greater span produces the bigger toggle coefficient of   while 
   varies from zero degrees to its relevant maximum value. This figure proves that, during the 
design procedure in the active toggle control system, it is desirable to select the frames with 
bigger spans. 
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3.9 Effects of Frame Height in Toggle Configuration  
To investigate the effects of variations of the frame height,  , on the toggle coefficient, 
the same numerical method used in Section ‎3.6 is performed here. Thus, assuming L=6.0 m 
and L1=1.5 m in Figure ‎3.6, the variations of   with respect to    having different   can be 
calculated. These results have been indicated in Figure ‎3.11.  
 
Figure  3.11. Variations of   with respect to    with different  . 
Figure ‎3.11 expresses that the greater height produces the smaller toggle coefficient of   
while    varies from zero degrees to its relevant maximum value. This figure proves that, 
during the design procedure in the active toggle control system, it is beneficial to select the 
lowest frame height possible. 
3.10 Numerical Analysis 
3.10.1 Methodology 
Referring to the specific objectives mentioned in Section ‎1.5.2, the reduction of the 
required control forces in the active toggle control system is investigated in this section 
through a numerical analysis. The outline of this procedure is as follows:  
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1. Defining a single-degree-of-freedom active toggle control system, indicated in 
Figure ‎3.12 as a main unit. 
2. Selecting a single-degree-of-freedom active tendon control system, shown in 
Figure ‎3.13 as a comparison unit. 
3. Determining the optimum value for toggle coefficient   based on the property of 
the toggle configuration.  
4. Introducing the installed feedback control layout in the both systems. 
5. Presenting the implemented algorithm in both systems. 
6. Choosing the earthquake acceleration data. 
7. Obtaining the state form of the motion equation for both systems. 
8. Deriving the gain matrix utilizing the LQR function in MATLAB®. 
9. Calculating the state vector using LSIM function in MATLAB®. 
10. Calculating the control forces for both systems. 
11. Comparing the results using the generated graphs.   
3.10.2 Active Toggle Control System 
In this approach, a single-degree-of-freedom frame with an active toggle control system 
is selected, as indicated in Figure ‎3.12. The structure, actuator, sensor and controller in this 
process are assumed to be linear (Chung et al., 1988, Chung et al., 1989, Cheng and Jiang, 
1998b, Cheng and Jiang, 1998a, Cheng et al., 2010).  
 
Figure  3.12. Active toggle control system. 
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3.10.3 Specifications of Toggle System 
In this numerical analysis, the columns are 150UC23.4 and the beam is 180UB22.2. The 
relevant specifications are listed in the below table. 
Table ‎3.1. Specifications of toggle system. 
Specification Value Unit 
L 5 m 
h 3 m 
m 12 ton 
c 3.4 kNs/m 
k 589 kN/m 
Ib 15.3×10
6 
mm
4 
Ic 3.98×10
6
 mm
4
 
ρ 1.153 ― 
E 200 GPa 
   7 rad/sec 
   0.898 sec 
 
Assuming the damping ratio is equal to 2% for a steel frame, i.e.    2%, the stiffness, 
damping, natural frequency and period of the assumed frame has been calculated using the 
following formulas, respectively (Chopra, 2001): 
  
     
  
     
     
 (‎3.33) 
  
    ⁄
     ⁄
 (‎3.34) 
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    √   (‎3.35) 
   √
 
 
 (‎3.36) 
   
  
  
 (‎3.37) 
In the above mentioned equations,  ,  ,  ,  ,  ,   ,    ,  ,   ,  ,    and    are the frame 
span, height, mass, stiffness, damping, the moment of inertia of the beam, the moment of 
inertia of the columns, the beam-to-column stiffness ratio, modulus of elasticity of steel, the 
damping ratio of the frame, natural frequency and natural period, respectively. 
3.10.4 Active Tendon Control System 
As a comparison unit, an active tendon control system with the same specifications as 
those indicated in Table ‎3.1 is considered. This system has been shown in Figure ‎3.13 (Cheng 
et al., 2010). All the characteristics of this system are assumed to be similar to the toggle 
system, apart from the active toggle control. 
 
Figure  3.13. Active tendon control system. 
3.10.5 Specifications of Tendon System 
The specifications of this system have been assumed to be identical to the active toggle 
control system. These characteristics have been shown in Table ‎3.1. 
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3.10.6 Determination of Optimum Toggle Coefficient   
It was proven in Section ‎3.5 that the values of actuator forces decrease by increasing 
toggle coefficient  . On the other hand, Figure ‎3.9 shows that the toggle coefficient of   
increases by diminishing the length of the lower brace   . Therefore, the smaller values of    
produce the bigger values of  , which results in smaller control forces. For selecting the 
optimum values of  , both the establishment criterion for the toggle configuration and the 
construction limitations should be taken into account. Accordingly, referring to Figure ‎3.9,    
and    are selected as 27° and 1.5 m, respectively. As mentioned in Section ‎3.6,    and    are 
independent values. Therefore, the other characteristics of the system can be obtainable after 
choosing the optimum values for    and   . All the other specifications needed for calculating 
the optimum toggle coefficient in this numerical analysis have been calculated utilizing the 
equations expressed in Section ‎3.6 and indicated in Table ‎3.2. Finally, the toggle coefficient 
of   can be derived using by Equation  3.23.  
     Table ‎3.2. Required characteristics for calculating optimum  . 
Specification Value Unit 
L1 1.5 m 
L2 4.33 m 
L3 2.68 m 
θ1 27 degree 
θ2 57.7 degree 
θ3 30 degree 
θ4 87.7 degree 
θ5 60 degree 
θ6 32.3 degree 
  9.6 ― 
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3.10.7 Feedback Control Law in Actively Controlled Structures 
Considering that [ ̇( )]  [ ][ ̇( )] and using Equation  3.4, the following expression can 
be deduced: 
[
 ̇( )
 ̈( )
]  [
[ ] [ ]
 [ ]  [ ]  [ ]  [ ]
] [
 ( )
 ̇( )
]  [
[ ]
[ ]  [ ]
] [ ( )] 
(‎3.38) 
 [
[ ]
[ ]  [ ]
] [ ̈ ( )] 
Since the linear optimal control theory has been found to be used in first-order dynamic 
systems, in order to utilize this theory for seismic response control, the second-order in 
Equation  3.4 should be converted into its first-order state-variable representation by 
introducing the state-vector as follows (Cheng, 1988b, Cheng, 1990, Cheng et al., 2010): 
[ ( )]  [
[ ( )]
[ ̇( )]
] (‎3.39) 
Substituting Equation  3.39 into equation  3.38 results into the motion equation of the system in 
the state form, as shown below: 
[ ̇( )]  [ ][ ( )]  [  ][ ( )]  [  ][ ̈ ( )] (‎3.40) 
where 
[ ̇( )]  [
 ̇( )
 ̈( )
]
    
 (‎3.41) 
[ ]  [
[ ] [ ]
 [ ]  [ ]  [ ]  [ ]
]
     
 (‎3.42) 
[  ]  [
[ ]
[ ]  [ ]
]
    
 (‎3.43) 
[  ]  [
[ ]
[ ]  [ ]
]
    
 (‎3.44) 
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In Equation  3.40, matrix [ ] is known as the plant matrix of the system. The initial conditions 
of Equation  3.40 are demonstrated as follows: 
[ ( )]    [ ( )]    and [ ̈ ( )]      (‎3.45) 
It is seen from Equation  3.4 that the motion equation is an n-dimensional second-order 
differential equation. However, Equation  3.40, having state form, shows that it is a             
  -dimensional first-order differential equation. Although using the state variable makes the 
solution procedure simpler, it doubles the number of equations or unknown variables. 
Referring to Section ‎3.3 and Figure ‎3.3, since in the active tendon control system, there 
are (    ) unknown variables, i.e. [ ( )] of (    ) and [ ( )] of (   ), and there are 
only    equations, Equation  3.40 cannot be solved directly. Then, to solve Equation  3.40,  ,  
more equations would be needed. These   equations are called the feedback control law, 
which can be gained from the control algorithms. As mentioned earlier in Section ‎2.5, there 
are three types of active control layouts in smart seismic structures. Using these layouts in 
active control systems makes it possible to implement the feedback control law in a smart 
seismic structure (Cheng, 1988b, Cheng, 1990, Cheng et al., 2010).      
3.10.8 Feedback Law in Closed-Loop Control 
Using the closed-loop feedback control layout, Equation  3.40 can be mathematically 
solved. Then, the control force vector is obtained by feeding back the structural response 
measurements. Therefore, the feedback law can be described as follows: 
[ ( )]     [ ]    [ ( )]     (‎3.46) 
where [ ] is feedback gain matrix with a dimension of     . Using these   extra equations, 
the control system response, i.e. [ ( )], can be obtainable from Equation  3.40. Substituting 
Equation  3.46 into Equation  3.40, leads to the following equation:   
[ ̇( )]  [  ][ ( )]  [  ][ ̈ ( )] (‎3.47) 
where 
[  ]  [ ]  [  ][ ] (‎3.48) 
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In Equation  3.47, matrix [  ] is called the closed-loop plant matrix of the system. As denoted 
above, if all the state variables of the system are measured, the closed-loop system would 
become a full-state feedback (Cheng et al., 2010).  
In smart structures, measuring the state variables, i.e. displacements and velocities, is 
difficult. As a suitable replacement, measuring the accelerations can be very reliable in 
seismic response control systems. There is some research in this issue indicating the 
achievement of direct acceleration feedback (Spencer et al., 1993, Dyke et al., 1994a, Dyke et 
al., 1994b, Dyke et al., 1996a, Dyke et al., 1996b). Using this method causes simplicity in the 
sensing system, which leads the achievement of more practical control systems.    
As discussed earlier in Section ‎2.6, it has been expressed that the closed-loop feedback 
control layout is the most popular and suitable feedback control layout in smart structures. In 
this numerical analysis, the closed-loop feedback control layout has been selected to be 
installed in both systems, i.e. the toggle and tendon control systems. 
3.10.9 Control Algorithm in Smart Structures 
In active control systems, the active control force is determined using active control 
algorithms based on the sensed structural response. The control algorithms are installed in 
electronic devices called either digital controller or control computer. For the active control 
systems, the mathematical model of the controller is known as control law. Also, installation 
of the control algorithm in an active control system is named controller design (Cheng et al., 
2010).    
3.10.10 Riccati Optimal Active Control Algorithm 
In section ‎3.10.8, it was explained that the optimal control force [ ( )]  could be 
determined by the feedback law described in Equation  3.46. In this equation, the gain matrix  
[ ] must be obtained by the control algorithms. Riccati optimal active control algorithm is the 
classical algorithm that can determine the gain matrix [ ].   
Performance Index 
In an optimal control system, the control goal is to maximize the mitigation of the 
structural response while expending minimum control force. Therefore, the obligation of the 
control law is to achieve the control goal. Nevertheless, to obtain lesser structural response, 
more control force is required. In this situation, a mathematical means is required to 
compromise these two demands, i.e. maximizing the structural response reduction and 
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minimizing the control force. The performance index is the means that can be used in this 
situation to achieve a compromise. Here, as a performance index, a quadratic index of   
variables            is considered as follows:   
 (  )  ∑∑       
 
   
 
 
   
                          
(‎3.49) 
                           
                              
where          . Considering the below vector as  
[ ]  [          ]
  (‎3.50) 
then, Equation  3.49 can be indicated in the matrix form as follows: 
 ([ ])  ∑  
 
   
∑      ∑  ([ ][ ])  [ ]
 
 
   
 
   
[ ][ ] (‎3.51) 
where     is the (   ) element of matrix [ ]. 
In Equation  3.51, matrix [ ] is denoted positive-definite if the index is positive for all [ ] 
except [ ]  [ ]; it is called positive-semidefinite if the index is not negative for all [ ] and 
there may be a nonzero vector [ ] for which  [ ] [ ][ ]   . 
In Riccati optimal control algorithm, control force [ ( )] is obtained by minimizing a 
standard quadratic index,  , expressed as follows: 
  
 
 
∫ ([ ( )] [ ][ ( )]  [ ( )] [ ][ ( )])
  
  
   (‎3.52) 
It should be mentioned that the index indicated in Equation  3.52 must satisfy the state 
equation indicated in Equation  3.40.  
In Equation  3.52,    and    are the considered initial and final time-instants, respectively. 
Matrix [ ] is positive semidefinite symmetrical matrix with dimension      . If [ ] is 
positive-definite, all degrees of freedom of the system will be considered in the index. 
However, if the [ ] is semidefinite matrix with some zero eigenvalues, then some degrees of 
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freedom of the system will not be included in the index. Therefore, using the latter property, a 
control system can be designed with velocity or displacement feedback only. Also, in 
Equation  3.52, [ ] is positive definite symmetrical matrix with dimension     so that all 
control forces are effective.  
[ ]  and [ ]  are known as weighting matrices, which are related to system response and 
control force, respectively. Using the weighting matrices, the performance index   in 
Equation  3.52 is tuned to minimize the structural response and control force at the time period 
of    to   . By choosing the larger values for the elements of matrix [ ], the lesser structural 
response can be achieved at the expense of increasing the control force. However, while 
increasing the values of the elements of matrix [ ] decreases the control force, the system 
response may not be diminished intensively.   
3.10.11 LQR Algorithm 
It is assumed that the system can be controlled and there is an adequate control force to 
stabilize the system during the disturbance time interval, i.e. the time related to the initial state 
and final state. The other assumption relates to the proper observability of the system. It 
means that there are sufficient sensors installed in the system to generate adequate system 
response output for determination of the state vector at any time instant  . Therefore, the 
earlier demanded optimization problem can be solved by the variational calculus procedure 
below. The Hamiltonian  is indicated as follows: 
  
 
 
[ ( )] [ ][ ( )]  
 
 
[ ( )] [ ][ ( )] 
(‎3.53) 
 [ ( )] ([ ][ ( )]  [  ][ ( )]  [ ̇( )]) 
In the above equation, the matrix [ ( )] is the vector of Lagrange multipliers with dimension 
of (    ). In functional theory, the necessary conditions for the optimization are expressed 
by Euler equations denoted below: 
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 [ ( )]
 
 
  
(
  
 [ ̇( )]
)  [ ]
  
 [ ( )]
 
 
  
(
  
 [ ̇( )]
)  [ ]
  
 [ ( )]
 
 
  
(
  
 [ ̇( )]
)  [ ]
 (‎3.54) 
Using Hamilton  equation, the first two equations in Equation  3.54 can be written as 
follows: 
{
 
 
 
 
 
 
 
 [ ( )]
*
 
 
[ ( )] [ ][ ( )]  [ ( )] [ ][ ( )]+         
 
 
  
*
 ( [ ( )] [ ̇( )])
 [ ̇( )]
+  [ ]                                        
 
 [ ( )]
*
 
 
[ ( )] [ ][ ( )]  [ ( )] [  ][ ( )]+   
 (‎3.55) 
The following expressions can be derived for each term given in Equation  3.55. 
 
   
*
 
 
[ ( )] [ ][ ( )]+  
 
 
(∑     
  
   
 ∑     
  
   
) (‎3.56) 
Referring to the fact that [ ] is a symmetrical matrix and          in which             . 
Equation  3.56 results, as follows: 
 
   
*
 
 
[ ( )] [ ][ ( )]+  ∑     
  
   
 (‎3.57) 
then 
 
 [ ( )]
*
 
 
[ ( )] [ ][ ( )]+  [ ][ ( )] (‎3.58) 
In the same way 
 
 [ ( )]
([ ( )] [ ][ ( )])  [ ] [ ( )] (‎3.59) 
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*
 ( [ ( )] [ ̇( )])
 [ ̇( )]
+   [ ̇( )] (‎3.60) 
 
 [ ( )]
(
 
 
[ ( )] [ ][ ( )])  [ ][ ( )] (‎3.61) 
 
 [ ( )]
([ ( )] [  ][ ( )])  [  ]
 [ ( )] (‎3.62) 
After substituting Equations  3.59 to  3.62 into Equation  3.55 , the latter can be rewritten as 
follows: 
,
[ ][ ( )]  [ ] [ ( )]  [ ̇( )]  [ ]
[ ][ ( )]  [  ]
 [ ( )]  [ ]               
 (‎3.63) 
Using the second equation in Equation  3.63 results in the  ( ), as follows: 
[ ( )]   [ ]  [[  ]
 [ ( )]] (‎3.64) 
Because, at a final time   , there is no need for control force, then,  
[ (  )]  [ ] (‎3.65) 
Equation  3.64 shows that, to utilize this equation for every arbitrarily chosen positive-definite 
matrix [ ]  , the value of matrix [ (  )] must be equal to [ ]. This statement relates to the 
transversality condition that should be satisfied in the solution process at the endpoint    by 
Euler equation. So, 
[ (  )]  [ ] (‎3.66) 
To find the relationship between [ ( )] and [ ( )] in the first line of Equation  3.63 3.64, the 
following expression is used: 
[ ( )]  [ ( )][ ( )] (‎3.67) 
where [ ( )] should be obtained. By substituting Equation  3.67 into the first equation of 
Equation  3.63, the following expression is derived: 
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[ ][ ( )]  [ ] [ ( )][ ( )]  [ ̇( )][ ( )]  [ ( )][ ̇( )]  [ ] (‎3.68) 
in which [ ̇( )]  is obtained using the following procedure. For this, Equation  3.53 is 
substituted into the third equation of Equation  3.54, then, 
 
 [ ( )]
[[ ( )] ([ ][ ( )]  [  ][ ( )]  [ ̇( )])]            (‎3.69) 
It is assumed that: 
[ ( )]  [ ][ ( )]  [  ][ ( )]  [ ̇( )] (‎3.70) 
and considering that   ( ) is the  th element of  [ ( )], then the following relationship can be 
derived: 
 
 [ ( )]
[[ ( )] [ ( )]]  [ ( )] (‎3.71) 
Combining Equations  3.69 to  3.71 leads the following equation to emerge: 
[ ̇( )]  [ ][ ( )]  [  ][ ( )] (‎3.72) 
Combining Equations  3.64 and  3.67 gives 
[ ( )]   [ ]  [  ]
 [ ( )][ ( )] (‎3.73) 
Replacing Equation  3.73 with Equation  3.72 results in 
[ ̇( )]  [ ][ ( )]  [  ][ ]
  [  ]
 [ ( )][ ( )] (‎3.74) 
and also substituting Equation  3.74 into Equation  3.68 yields 
([ ]  [ ] [ ( )]  [ ̇( )]  [ ( )][ ] 
(‎3.75) 
 [ ( )][  ][ ]
  [  ]
 [ ( )])[ ( )]  [ ] 
Applying a transversality condition, already denoted by Equation  3.66, can be indicated by 
Equation  3.67, as follows:  
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 [ (  )][ (  )]  [ (  )]  [ ] (‎3.76) 
It can be seen that Equations  3.75 and  3.76 are valid for any state [ ( )]. However, this state 
[ ( )]  cannot take zero value at any time instant. Therefore, the nontrivial solution for 
Equation  3.75 can be written as follows: 
[ ̇( )]  [ ( )][ ]  [ ] [ ( )]  [ ( )][  ][ ]
  [  ]
 [ ( )]  [ ]  [ ] (‎3.77) 
and 
[ (  )]  [ ] (‎3.78) 
Equation  3.77 is called the matrix Riccati equation (MRE) which is a nonlinear equation 
about [ ( )]. MRE can be indicated in the scalar form as follows: 
 ̇( )     ( )  
  
 
 
  ( )      (‎3.79) 
After solving MRE, the optimal control force can be determined using Equation  3.73. 
There are some different numerical algorithms for solving MRE (Vaughan, 1969, Davison 
and Maki, 1973). Also, one method, such as the standard Runge-Kutta method, has used 
numerical integration directly, (Cheng, 2000). 
It should be mentioned that the solution process of MRE is time-dependent. Therefore, it 
can be seen from Equation  3.73 that the gain matrix [ ( )] is time-dependent as well. It can 
be displayed that when the final time    becomes closer to infinity, i.e.     , the time-
dependent MRE is converted to time-invariant. 
During the whole time of occurrence of an earthquake in a firm engineering structure, the 
Riccati matrix [ ( )] stays constant and becomes rapidly zero near   . To put it differently, 
Riccati matrix [ ( )]  forms a constant state and then MRE is turned to time-invariant. 
Therefore, by approximation, [ ( )] becomes equal to [ ̇( )]  [ ] or [ ( )]  [ ]; and then 
Equation  3.77 is converted to an algebraic Riccati equation (ARE), indicated as follows: 
[ ][ ]  [ ] [ ]  [ ][  ][ ]
  [  ]
 [ ]  [ ]  [ ] (‎3.80) 
Using ARE, which is time-invariant, makes the solution procedure much easier than MRE 
(Kleinman, 1968, Laub, 1979). Then, utilizing ARE, the control law denoted in Equation  3.73 
can be written as follows: 
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[ ( )]   [ ]  [  ]
 [ ][ ( )]   [ ][ ( )] (‎3.81) 
where the control gain matrix is shown as below: 
[ ]  [ ]  [  ]
 [ ] (‎3.82) 
The gain matrix [ ] indicated in Equation  3.82 is also time-invariant. As expressed earlier, 
solving an ARE is easier than solving an MRE. Furthermore, an ARE creates a proportional 
control law, which means that the control forces [ ( )] is proportional to response [ ( )]. 
Since the control law is physically recognized by an amplifier, using an ARE simplifies the 
design of the controller. The time-dependent control law MRE lacks this advantage. 
It has to be expressed that the ROAC algorithm explained in the previous section is a 
special case of linear quadratic regulator (LQR) in modern control theory (Kailath, 1980, 
Grantham and Vincent, 1993). The quadratic cost function (performance index) of LQR is 
indicated as follows: 
  
 
 
∫ ([ ( )] [ ][ ( )]  [ ( )] [ ][ ( )]   [ ( )]  [ ( )])
 
 
   (‎3.83) 
Considering the seismic time duration interval [     ] , the above equation in seismic 
structures can be written as below: 
  
 
 
∫ ([ ( )] [ ][ ( )]  [ ( )] [ ][ ( )]   [ ( )]  [ ( )])
  
  
   (‎3.84) 
where [ ] is the weighting matrix, which is an optional argument, and becomes zero when it 
is neglected. 
Then, the relevant ARE can be noted as follows: 
[ ][ ]  [ ] [ ]  ([ ][  ]  [ ])[ ]
  ([  ]
 [ ]  [ ] )  [ ]  [ ] (‎3.85) 
Eventually, the control gain matrix in LQR algorithm can be defined as follows: 
[ ]  [ ]  ([  ]
 [ ]  [ ] ) (‎3.86) 
Equation  3.85 is converted to the same Equation  3.80 related to ARE by adjusting [ ]  [ ]. 
Therefore, ARE has been generally used by LQR algorithm. The algorithms of Riccati and 
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LQR can be calculated by commercial software packages, such as MATLAB
®
, using functions 
CARE and LQR. 
3.10.12  Pole Placement Algorithm 
In modern control theory, there is another efficient algorithm called pole placement 
method or pole assignment method (Kailath, 1980, Grantham and Vincent, 1993). Referring 
to Section ‎3.10.7‎0, it was seen that the matrix [ ] indicated in Equation  3.40 is the plant 
matrix of the open-loop system and describes the system dynamics. Moreover, the 
eigenvalues of the plant matrix [ ] show the modal damping and stiffness characteristics of 
the open-loop system. In the same way, the eigenvalues of the plant matrix [  ], expressed by 
Equation  3.48, show the modal damping and natural frequencies of the closed-loop system. It 
should be mentioned that the eigenvalues of the closed-loop plant matrix [  ] are generally 
different to those of the open-loop plant matrix [ ]. This difference arises from the fact that 
the active control has modified the system plant matrix by using a feedback gain matrix [ ], 
expressed in Equation  3.48. Consequently, the effect of this modification has resulted in the 
alteration of the modal damping ratios and frequencies. It is clear from the structural 
dynamics theory that a system‘s behavior and response are determined by modal damping and 
frequencies. Therefore, depending on the required system response, the desirable eigenvalues 
of the controlled system can be chosen, and then the corresponding feedback control gain is 
calculated based on the preselected closed-loop system eigenvalues, i.e. poles. The mentioned 
control method is known as the ‗pole placement algorithm‘, which has been extensively used 
in mechanical and electrical areas (Kautsky et al., 1985, Grantham and Vincent, 1993). 
Comparison of the Riccati/LQR algorithm and pole placement show that, in the first 
algorithm, the optimal feedback gain is derived directly by solving the Riccati equation, while 
in the pole placement, the feedback gain is obtained in such a way that the desired poles have 
been chosen in advance for the closed-loop system. Also, it has to be indicated here that there 
are some other pole placement algorithms which have been already investigated and can be 
found through the following references (Brogan, 1974, Kailath, 1980, Kautsky et al., 1985). 
The pole placement algorithm can be solved by ACKER and PLACE functions in a 
commercial software package such as MATLAB
®
.     
Since there is only one significant mode in structural response related to wind, and 
typically, there are only a few dominant modes in structural seismic response, utilizing the 
pole placement algorithm in smart civil engineering structures becomes very encouraging and 
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straightforward. Given the restricted number of significant modes, the precise and clear values 
of eigenvalues can be easily selected for the closed-loop system to obtain a control target 
related solely to the dominant modes.        
In this numerical analysis, for determining the gain matrix, the algorithms of LQR and 
pole placement have been used. These algorithms have been broadly explained in 
Sections ‎3.10.11 and ‎3.10.12. In this procedure, for solving the LQR and pole placement 
algorithm, the functions of LQR and PLACE in MATLAB
®
 software have been deployed. 
3.10.13 Earthquake Acceleration Data 
The earthquake data which has been applied to both active control systems are 1979 
Imperial Valley–El Centro M (6.5) and 1994 Northridge M (6.7). These earthquake 
accelerations are presented in Figure ‎3.14 and Figure ‎3.15, respectively. Since the strongest 
motions typically occur early in historical earthquakes, only the first 20 seconds of their 
accelerations are shown in these figures. These earthquake data can be obtained from the 
website of the Pacific Earthquake Engineering Research Centre.  
 
Figure  3.14. 1979 El Centro earthquake accelerations. 
76 
 
 
Figure  3.15. 1994 Northridge earthquake accelerations. 
3.10.14 Determining the Gain Matrix for the Systems 
Considering the closed-loop feedback control installed in both the active toggle and 
tendon control systems, for determining the gain matrix, the state form of motion equations 
for both systems should be derived. This task can be carried out using Equations  3.47 
and  3.48, indicated in the following sections.  
3.10.15 Dynamic Stability of Structural Systems 
A structural system defined by the motion equation, expressed in Equation  3.4, is called 
stable if all the damping ratios are positive; it would become unstable if any of its damping 
ratios is negative. The bigger damping ratios in all the significant modes cause the structure to 
have the smaller responses. 
The  th eigenvalues of the plant matrix [ ], expressed in Equation  3.40, are denoted as 
follows (Soong et al., 1990, Grantham and Vincent, 1993, Cheng et al., 2010): 
            √    
              √   (‎3.87) 
In Equation  3.87,    is denoted by complex conjugate pairs, where    and     are the damping 
ratio and modal frequency for the  th mode of the smart structure, respectively. For the smart 
structures defined by Equation  3.40, i.e. the state equation, the eigenvalues of the plant matrix 
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[ ] are known as the poles of the system from a general control theory point of view. As 
indicated in Figure ‎3.16, the stability of the system is related to the locations of the poles in a 
complex plane. 
 
Figure ‎3.16. Poles of the control systems in smart seismic structures. 
As is clear from Figure ‎3.16, the abscissa of the poles is related to the real part and the 
ordinate of the poles is related to the imaginary part. If the poles of the system are located in 
the negative real part axis, it means the damping ratios are positive and the system is stable. If 
there would be even one of the poles placed on the positive real part axis, the system is 
considered unstable. As a criterion for reaching less structural response in  th mode, the 
abscissa of the  th pair of the poles should be increased in the negative direction in the real 
part axis. 
3.10.16 Control Gain Matrix in Active Toggle Control System  
For the active toggle control system, the state form of motion equation is obtained as 
follows. The following relationships have already been discussed in Section ‎3.10.8. Notice 
that in these equations,    9.6 is the toggle coefficient which has been already calculated in 
Section ‎3.10.6. 
[ ̇( )]  [  ][ ( )]  [  ][ ̈ ( )]  
[  ]  [ ]  [   ][ ]  
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[ ]  [
  
 
   
  
 
   
  
]  
[  ]  [
 
  
 
  
]  
For finding the control gain matrix [ ] in the closed-loop control system, the function of LQR 
in MATLAB
®
 software is used as follows: 
[ ]     (        ) (‎3.88) 
In the above mentioned equation, all the terms inside the parentheses are matrices and have 
the same characteristics as those explained previously. However, referring to Section ‎3.10.10, 
matrices [ ] and [ ] are known as weighting matrices and in this calculation process are 
tuned to be as follows: 
[ ]  [
   
   
]  
[ ]  [     ]  
Using the PLACE function in MATLAB
®
, for providing the more stability of the system, poles 
of the system are designed to be –150, identically. Therefore, the gain matrix for the closed-
loop control system is as follows: 
[       ]  [          ]  
3.10.17 Control Gain Matrix in Active Tendon Control System  
Determining the gain matrix in the active tendon control system would be the same as the 
procedure expressed in Section ‎3.10.16 for the active toggle control system. Notice that in the 
tendon system, all parameters are identical to the toggle model. Using the same poles 
considered in the active toggle control system, i.e. –150, the gain matrix in active tendon 
control system will be as follows: 
[       ]   [       ]     [       ]  
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3.10.18 Determination of Structural Displacement Response 
In this section, the solution for Equation  3.40 is briefly explained. The complete 
procedure of this solution can be found in the literature by (Cheng et al., 2010). 
In working towards this solution, it is assumed that the optimal control force [ ( )] has 
been determined by feedback control law and the earthquake accelerations [ ̈ ( )] have also 
been measured in time instant  . Thus, the structural response [ ( )] can be obtained, as 
explained below .  
The state vector, in terms of modal transformation matrix [ ] of plant matrix [ ], can be 
denoted as follows: 
[ ( )]  [ ][ ( )] (‎3.89) 
where 
[ ]  [[  ] [  ] [  ] [  ]   [  ] [  ]   [  ] [  ]] (‎3.90) 
In Equation  3.90, [ ] is (     ) matrix and [  ] and [  ] are the real and imaginary parts 
of the  th eigenvector of the plant matrix [ ]. 
Replacing Equation  3.89 into Equation  3.40 results 
[ ][ ̇( )]  [ ][ ][ ( )]  [  ][ ( )]  [  ][ ̈ ( )] (‎3.91) 
After multiplying both sides of Equation  3.91 by [ ]  , it can be written as follows: 
[ ̇( )]  [ ][ ( )]  [ ( )] (‎3.92) 
where [ ] expresses the modal plant matrix denoted as 
[ ]  [ ]  [ ][ ] (‎3.93) 
where 
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[ ] 
[ ] 
 
[ ] 
 
[ ]   
[ ] ]
 
 
 
 
 
 
 
   
 (‎3.94) 
in which 
[ ]  [
    
     
]
   
 and           (‎3.95) 
In the above equation,    and    are the real and imaginary parts of the  th eigenvalue of the 
plant matrix [ ], respectively. 
Also, in Equation  3.92, vector [ ( )] comprises control force and excitation term, as follows: 
[ ( )]  [ ]  [  ][ ( )]  [ ]
  [  ][ ̈ ( )] (‎3.96) 
Initial conditions at time    0 are obtained as below: 
[ ( )]    , [ ( )   ] and  ̈ ( )      (‎3.97) 
Equation  3.92 can be solved using the following integral:  
[ ( )]  ∫    ([ ](   ))[ ( )]  
 
 
 (‎3.98) 
where   is a dummy integration variable and     ([ ](   )) is the exponential matrix with 
a dimension of      . 
By deploying the trapezoidal rule or numerical integration technique and considering the 
initial conditions, the integral noted in Equation  3.98 becomes solvable (Cheng, 2000). 
Therefore, utilizing the above mentioned procedure, the resulting state vector can be written 
as follows: 
[ ( )]  [ ] ([ (    )]  [ ( )] (
  
 
)) (‎3.99) 
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In this stage, Equation  3.99 presents the system response [ ( )]. In this equation, [ ( )] can 
be achieved from Equation  3.96, where [ ( )] has been assumed known and  ̈  has been 
obtained by measuring. Also, [ (    )] can be calculated using the following equation: 
[ (    )]     ([ ]  ) ([ (     )]  [ (    )]  ) (‎3.100) 
where 
   ([ ]  )  
[
 
 
 
   ([ ]   )
   ([ ]   )
 
   ([ ]   )]
 
 
 
 (‎3.101) 
Using Equation  3.95, Equation  3.101 can be derived as follows: 
   ([ ]   )   
    [
              
               
] (‎3.102) 
The integral in Equation  3.98 for obtaining the state vector [ ( )], can be solved easily 
using LSIM function in MATLAB
® 
software package. In this procedure, it is assumed that the 
control force [ ( )] is known. In an optimal closed-loop control system, optimal control force 
[ ( )] is adjusted based only on the feedback of [ ( )], i.e. the state vector comprising the 
displacements and velocities. Therefore, to attain the state vector, the relevant response in the 
building structure must be measured at time instant   by installing the displacement and 
velocity sensors at the proper locations on each floor.   
Since the specifications of the two systems, i.e. toggle and tendon systems, have been 
considered identical, the derived structural displacement responses for both systems would be 
the same. These structural responses due to the applied earthquake excitations can be 
calculated using the function LSIM in MATLAB
®
 software as follows: 
[   ]      (         ̈   )  (‎3.103) 
In the aforementioned equation,   ,    and  ̈  have been already explained in the relevant 
sections. However, matrices   [  ] and   are the sensor matrix and the simulation time 
matrix, respectively. The structural displacement responses, i.e. the displacements of top of 
the frames for 1979 El Centro and 1994 Northridge‎ earthquakes, are shown in Figure ‎3.17 and 
Figure ‎3.18, respectively. The absolute maximum controlled structural displacement under 
1979 El Centro and 1994 Northridge‎ earthquakes are 0.22 mm and 0.25 mm, respectively. 
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Figure  3.17. Controlled structural displacement response under 
1979 El Centro earthquake. 
 
Figure  3.18. Controlled structural displacement response under 
1994 Northridge earthquake. 
3.10.19 Calculation of Control Forces 
After obtaining the control gain matrix in Section ‎3.10.14, the required control forces for 
both systems can be determined using Equation  3.46. Notice that in this equation, the control 
gain matrix has been obtained by using LQR algorithm. Therefore, the equation for 
determining the control forces in both systems is written as follows: 
[ ( )]   [ ][ ( )] (‎3.104) 
In the above mentioned equation, the matrices [ ] and [ ( )] have already been determined 
for the relevant systems individually, as explained in Sections ‎3.10.16 and ‎3.10.17, 
respectively. 
3.10.20 Comparing the Results  
1. Actuator Forces 
In this section, after determining the control forces or, in the other words, the actuator 
forces in the active toggle and tendon control systems, these control forces have been plotted 
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on graphs and shown in Figure ‎3.19 and Figure ‎3.20 to demonstrate the difference between 
the relevant results.  
 
Figure ‎3.19. Compared control forces in 1979 El Centro Earthquake. 
 
Figure ‎3.20. Compared control forces in ‎1994 Northridge‎ Earthquake. 
It is obvious from Figure ‎3.19 and Figure ‎3.20 that an active control system with the 
toggle configuration can enormously diminish the required actuator forces. In this numerical 
analysis, this reduction is about 89.6%, compared to the tendon control system with various 
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seismic excitations. Also, having the toggle coefficient, this reduction in the control forces in 
the toggle system can be achieved directly from Equation  3.26.  
2. Displacements 
The compared results related to the controlled and uncontrolled displacements have been 
plotted in Figure ‎3.21 and Figure ‎3.22 for 1979 El Centro and 1994 Northridge‎ earthquakes, 
respectively. The responses for the free vibration have been calculated by the methods based 
on interpolation of excitation (Chopra, 2001).  
 
Figure ‎3.21. Compared frame displacements in 1979 El Centro earthquake. 
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Figure ‎3.22. Compared frame displacements in 1994 Northridge earthquake. 
It is obvious from Figures ‎3.21 and ‎3.22  that deploying the toggle configuration in an 
active control system can enormously diminish the structural responses under the earthquake 
vibrations. 
3.11  MDOF Toggle Configuration 
A three-degree-of-freedom shear frame with one span and three storeys is considered as 
shown in Figure ‎3.23, where the actuators have been installed in a toggle configuration in the 
storeys, i.e. members of O1A1 to O3A3. O1A0 to O3A2 and O1B1 to O3B3 are the members 
considered to be rigid. The members of O1A0 to O3A2 and O1B1 to O3B3 are connected to the 
main frame at points of A0 to A3 and B1 to B3 and to each other at the points of O1 to O3, 
respectively. These connection points are hinged connections. It means that these toggled 
members in the first storey to the last one can rotate freely about a normal axis passed through 
point A0 to A3, B1 to B3 and O1 to O3 in the plane of members of O1A0 and O1B1 to O3A2 and 
O3B3, respectively. Also, the figure shows response sensors have been implemented in each 
storey at the top of the frame. Furthermore, there is a controller installed in this system that 
can determine the control signals by own algorithm based on the received structural response 
data measured by the sensors.  
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Figure ‎3.23. Three-storey toggle configuration in active control system. 
Figure ‎3.24 shows the relevant forces in the toggle configuration in a three-storey active 
control system. As it is seen from the figure, the structural responses i.e. velocities and 
displacements, due to earthquake excitations are measured in the points B1 to B3 by the 
installed sensors. Then, the measured information is sent to the controller. Furthermore, the 
controller determines the control forces based on its algorithm and sends the signals to the 
actuator. Finally, the actuators apply the control forces through the members O1A0 to O3A2 
and O1B1 to O3B3 directly to the main structure to neutralize the vibration of the system.  
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Figure ‎3.24. Forces in three-storey active toggle control system. 
In this figure   ( ) to   ( ) are actuator forces,    ( ) to    ( ) and    ( ) to    ( ) are 
tension or compression forces in members O1A0 to O3A2 and O1B1 to O3B3 with regard to the 
direction of the displacement,    to    are lumped masses of the structure and  ̈  is the 
earthquake acceleration. 
3.12 Motion Equation in Three-storey Active Toggle 
Control System 
The motion equation of the three-storey toggle system can be obtained through the 
following process.   
Considering Figure ‎3.24, the equilibrium of horizontal forces in the hinges O1 to O3 in a 
time instant can be written as follows, respectively: 
88 
 
                                 (‎3.105) 
                            (‎3.106) 
                            (‎3.107) 
Where,   ( ) to   ( ) are actuator forces,    ( ) to    ( ) and    ( ) to    ( ) are tension 
forces in members O1B1 to O3B3 and O1A0 to O3A2, respectively,    to    are lumped 
masses of the structure and  ̈  is the earthquake acceleration. Also, the angles of   ,    and 
   have been shown in Figure ‎3.24. 
Similarly, the equilibrium of vertical forces in the hinges O1 to O3 can be obtained as 
follows: 
                            (‎3.108) 
                            (‎3.109) 
                             (‎3.110) 
Simultaneously solving Equations  3.105 and  3.108 results in     and    , as follows: 
              (‎3.111) 
         (‎3.112) 
where, 
      (     )    (     )⁄  (‎3.113) 
      (     )    (     )⁄  (‎3.114) 
Since the layout in the storeys has been considered similar, the forces    ,    ,     and     
can be derived as follows:  
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         (‎3.115) 
         (‎3.116) 
         (‎3.117) 
             (‎3.118) 
The motion equation for the aforementioned system from first floor to third floor is written as 
follows, respectively: 
{
 
 
 
 
 
 
 
 
 
 
   ̈ ( )     ̇ ( )    ( ̇ ( )   ̇ ( ))      ( )    (  ( )    ( ))
   ( )                            ̈ ( )                                       
   ̈ ( )    ( ̇ ( )   ̇ ( ))    ( ̇ ( )   ̇ ( ))    (  ( )    ( ))
   (  ( )    ( ))    ( )                            ̈ ( )
   ̈ ( )    ( ̇ ( )   ̇ ( ))    (  ( )    ( ))    ( )                  
              ̈ ( )                                                                                       
 (‎3.119) 
After substituting Equation  3.111, as well as Equations  3.115 to  3.118 into Equation  3.119, 
the motion equation for the three-storey active toggle control system is derived as follows: 
{
 
 
 
 
 
 
 
 
 
 
   ̈ ( ) (     ) ̇ ( )    ̇ ( ) (     )  ( )     ( )
      ( )     ( )     ̈ ( )
   ̈ ( )    ̇ ( ) (     ) ̇ ( )    ̇ ( )     ( )
 (     )  ( )     ( )       ( )     ( )     ̈ ( ) 
   ̈ ( )    ̇ ( )    ̇ ( )     ( )     ( )
      ( )     ̈ ( )
  (‎3.120) 
while, 
         
   (     )
   (     )
      (‎3.121) 
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Comparing Equations  3.23 and  3.121 shows that in the case of having the same toggle 
configuration characteristics, the toggle coefficient   in SDOF toggle configuration is 
identical to the toggle coefficient    in every storey of MDOF toggle configuration.  
The equations indicated in Equation  3.120 can be condensed into matrix form, as 
follows: 
[ ] ̈( )  [ ] ̇( )  [ ] ( )  [ ] ( )   [ ] ̈ ( ) (‎3.122) 
where, 
[ ]  [
    
    
    
] (‎3.123) 
[ ]  [
(     )     
   (     )    
      
] (‎3.124) 
[ ]  [
(     )     
   (     )    
      
] (‎3.125) 
[ ]  [
      
      
     
] (‎3.126) 
[ ( )]  [
  ( )
  ( )
  ( )
] (‎3.127) 
[ ]  [
   
   
   
] (‎3.128) 
Equation  3.122 is the motion equation in the three-storey active toggle control system, 
illustrated in Figure ‎3.24. In this formula,    to    are masses in    
   ,    to    are 
damping coefficients in     ⁄ ,    to    represent stiffness in      and   ( ) to   ( ) are 
actuator or control forces in    for the first storey to the third storey, respectively. Also, 
 ̈ ( ) is ground acceleration due to earthquakes in   
  and    is toggle coefficient, which 
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depends on the angles of   ,    and   . Equation  3.122 dictates the motion of the three-storey 
active toggle control system. From the point of view of control system design, the objective is 
to minimize the displacement  ( ) by changing the forces   ( ) to   ( ). The variable  ̈( ) is 
the acceleration generated by the earthquakes in the structure, which is considered 
disturbance. 
3.13 Efficiency of Three-storey Active Toggle Control System 
One of the specific objectives of this research is the mitigation of required active control 
forces applied by the actuators to the system, as mentioned in Section ‎1.5.2. This reduction of 
control forces is selected as an efficiency factor in the active toggle control system. Therefore, 
for investigating the efficiency of a multi-degree-of-freedom active control system having 
toggle configuration, two three-degree-of-freedom systems with the identical mass, damping 
and stiffness values are chosen. The first system has the active control system in toggle 
configuration and the second one has the tendon control system (Cheng et al., 2010), as 
indicated in Figures 3.25 and 3.26, respectively.  
 
Figure ‎3.25. Three-storey active toggle control system. 
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Figure ‎3.26. Three-storey active tendon control system. 
The motion equation of the three-storey active toggle control system, which has been 
already achieved in Section ‎3.12, is restated here, as follows: 
[ ] ̈( )  [ ] ̇( )  [ ] ( )  [       ] ( )        [ ] ̈ ( ) (‎3.129) 
The motion equation of the three-storey active tendon control system indicated in 
Figure ‎3.26 can be derived using Equation  3.4 as below, while the frame has three-degrees-of-
freedom. Notice that in this comparison, the mass, damping and stiffness of both frames are 
assumed to be identical. 
[ ] ̈( )  [ ] ̇( )  [ ] ( )  [       ] ( )        [ ] ̈ ( ) (‎3.130) 
As long as the two systems have been assumed identical, except for their control forces, using 
Equations  3.129 and  3.130, the relationship between the actuator forces related to the toggle 
and tendon systems in a time instant can therefore be obtained as follows: 
 ( )       
[       ]
[       ]
 ( )       (‎3.131) 
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By substituting the equivalent matrices for [       ] and [       ], Equation  3.131 is derived 
as below: 
 ( )       [
   ⁄   
    ⁄  
     ⁄
] ( )       (‎3.132) 
Using the matrix form for  ( )       and  ( )      , Equation  3.132 can be indicated as 
follows: 
[
  ( )
  ( )
  ( )
]
      
 [
   ⁄   
    ⁄  
     ⁄
] [
  ( )
  ( )
  ( )
]
      
 (‎3.133) 
or, 
[
  ( )
  ( )
  ( )
]
      
 
[
 
 
 
 
 
 (
 
  
)  ( )
(
 
  
)  ( )
(
 
  
)  ( )]
 
 
 
 
 
 
      
 (‎3.134) 
Equation  3.134 can be shown as below: 
{
  
 
  
   ( )       (
 
  
)   ( )      
  ( )       (
 
  
)   ( )      
  ( )       (
 
  
)   ( )      
 (‎3.135) 
where    has been already derived through Equation  3.121. 
Equation  3.135 clearly shows that the control forces in every storey in the toggle system 
are    times smaller than the corresponding control forces in the tendon system. In other 
words, the active toggle control system is more efficient than the active tendon control system 
if    is greater than unity. Therefore, for proving that, the variation of    for all the 
acceptable values of    should be investigated. For this purpose, the effect of toggle 
coefficient    in the active toggle control system has to be studied. In Section ‎3.6, it has been 
proved that, for the single-degree-of-freedom toggle system, all values of   are greater than 
94 
 
unity. Therefore, the control forces in the toggle control system are    times smaller than the 
control forces in the tendon control system in every storey for stabilizing the frame against the 
same excitation. 
Equation  3.135 expresses that the investigation of the effect of    in the whole toggle 
system is converted to the investigation of the effect of    in every storey having toggle 
configuration. From this point forward, the investigation of the effect of the toggle coefficient 
   in the three-storey active toggle control system would be changed to the same 
investigation of the toggle coefficient having the same characteristic in a single-storey active 
toggle control system. The variations of   with the relevant parameters have already been 
carried out thoroughly in Sections ‎3.6 to ‎3.9 and therefore, repetition in this section is 
avoided. 
3.14 Numerical Analysis 
3.14.1 Methodology 
Regarding the specific objectives indicated in Section ‎1.5.2, the mitigation of the 
required control forces in the three-storey active toggle control system is investigated in this 
section through a numerical analysis. The outline of this procedure is as follows: 
1. Defining a three-degree-of-freedom active toggle control system, indicated in 
Figure ‎3.25 as a main unit. 
2. Selecting a three-degree-of-freedom active tendon control system, shown in 
Figure ‎3.26 as a comparison unit. 
3. Determining the optimum value for toggle coefficient   in each storey based on 
the property of toggle configuration.  
4. Introducing the installed feedback control layout in both systems. 
5. Presenting the implemented algorithm in both systems. 
6. Choosing the earthquake acceleration data. 
7. Obtaining the state form of the motion equation for both systems. 
8. Deriving the gain matrix utilizing the LQR function in MATLAB®. 
9. Calculating the state vector using LSIM function in MATLAB®. 
10. Calculating the control forces for both systems. 
11. Comparing the results using the generated graphs.   
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3.14.2 Three-storey Active Toggle Control System 
In this approach, a three-degree-of-freedom frame with an active toggle control system in 
each storey is selected, as indicated in Figure ‎3.27. The toggle configuration in the latter 
system is assumed to be similar in all the storeys. The structure, actuators, sensors and 
controller in this process are assumed to be linear (Chung et al., 1988, Chung et al., 1989, 
Cheng and Jiang, 1998b, Cheng and Jiang, 1998a, Cheng et al., 2010).  
 
Figure ‎3.27. MDOF active toggle control system.  
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3.14.3 Specifications of Three-storey Toggle System 
In this numerical analysis, the columns are 200UC59.5 and the beam is 250UB37.3. The 
relevant specifications are listed in Table ‎3.3. 
Table ‎3.3. Specifications of toggle system. 
Specification Value Unit 
L 6 m 
h1= h2= h3 3.10 m 
m1=m2=m3 15 ton 
c1 26.5 kNs/m 
c2 17.0 kNs/m 
c3 26.5 kNs/m 
k1= k2= k3 5530 kN/m 
Ib 55.7×10
6 
mm
4 
Ic 61.3×10
6 
mm
4
 
ρ 0.235 ― 
E 200 GPa 
    8.5 rad/sec 
    23.9 rad/sec 
    34.6 rad/sec 
    0.74 sec 
    0.26 sec 
    0.18 sec 
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The damping ratio   is assumed to be 5% for two first modes and derived 6.2% for the third 
mode. The stiffness of each storey in the assumed  frame has been calculated using the 
following formula (Chopra, 2001): 
  
     
  
     
     
 (‎3.136) 
  
    ⁄
     ⁄
 (‎3.137) 
Also, the damping matrix of the structure has been derived using the Rayleigh damping 
formula, as follows (Chopra, 2001): 
          (‎3.138) 
where, 
    
     
     
 (‎3.139) 
    
 
     
 (‎3.140) 
and, 
   
  
 
 
  
 
  
 
   (‎3.141) 
In the aforementioned formulas,    and    are the natural frequencies and    and    are the 
damping ratios for the  th and  th modes, respectively. Also,   and   are the mass and 
stiffness matrices of the structure.  
Furthermore, in Table ‎3.3,  ,  , ,  ,  ,   ,    ,  ,  ,     to     and     to      are the frame 
span, height, mass, stiffness, damping, the moment of inertia of the beam, the moment of 
inertia of the columns, the beam-to-column stiffness ratio, modulus of elasticity of steel, 
natural frequency and natural period for first to third mode, respectively. 
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3.14.4 Active Tendon Control System 
As a unit of comparison, the three-storey active tendon control system with the same 
specifications indicated in Table ‎3.3 is considered. This system has been shown in Figure ‎3.28 
(Cheng et al., 2010). All the characteristics of this system are assumed to be similar to the 
toggle system, apart from the active toggle control. 
 
Figure ‎3.28. MDOF active tendon control system. 
3.14.5 Specifications of Three-storey Tendon System 
The specifications of this system have been assumed to be identical with the three-storey 
active toggle control system. These characteristics have already been shown in Table ‎3.3. 
3.14.6 Determination of Optimum Toggle Coefficient   
It was concluded in Section ‎3.13 that the investigation of the effect of the toggle 
coefficient   in the three-storey active toggle control system would be the same as the 
investigation of the toggle coefficient having the same characteristic in a single-storey active 
toggle control system. Therefore, the determination of optimum value for the toggle 
coefficient in the three-storey active toggle control system follows a similar procedure as that 
explained in Section ‎3.10.6 for a single-storey active toggle control system. Notice that this 
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definition will be true if the toggle configuration in all the storeys is considered identical, 
which is the case in this process. 
Accordingly, using the same procedure as that in Section ‎3.6, the specifications of toggle 
configuration in the three-storey control system can be obtained as indicated in Table ‎3.4. 
These values are same for all the storeys. The parameters    to    and    to    have been 
shown in Figure ‎3.29. 
 
Figure ‎3.29. Toggle configuration parameters in MDOF active control system.  
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Table ‎3.4. Required characteristics for calculating optimum  . 
Specification Value Unit 
L1 1.50 m 
L2 5.26 m 
L3 2.84 m 
θ1 24.00 degree 
θ2 61.73 degree 
θ3 28.83 degree 
θ4 90.56 degree 
θ5 61.17 degree 
θ6 28.27 degree 
  12.26 ― 
 
3.14.7 Feedback Control Layout 
As discussed earlier in Section ‎2.6 and referring to Section ‎3.10.8, in this numerical 
analysis, the closed-loop feedback control layout has been selected as well to be implemented 
in both systems, i.e. the three-storey toggle and tendon control systems. 
3.14.8 Utilized Algorithm 
In this numerical analysis, similar to the single-storey control systems mentioned earlier, 
for determining the gain matrix, the algorithms of LQR and pole placement have been used. 
These algorithms have been broadly explained in Sections ‎3.10.11 and ‎3.10.12, respectively. 
In this procedure, for solving the LQR and pole placement algorithm, the functions of LQR 
and PLACE in MATLAB
®
 software have been deployed. 
3.14.9 Earthquake Acceleration Data 
The earthquake data which has been applied to both three-storey active control systems 
are 1979 Imperial Valley–El Centro M(6.5) and 1994 Northridge M(6.7). These earthquake 
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accelerations have been previously shown in Figure ‎3.14 and Figure ‎3.15, respectively. It has 
to be mentioned that only the first 20 seconds of their accelerations are shown in these 
figures. These earthquake data can be obtained from the website of the Pacific Earthquake 
Engineering Research Centre.  
3.14.10 Determining the Gain Matrix for the Three-storey Systems 
Considering the closed-loop feedback control installed in both three-storey active toggle 
and tendon control system, for determining the gain matrix, the state form of motion 
equations for both systems should be derived. This task can be carried out using 
Equations  3.47 and  3.48, indicated in the below sections.  
3.14.11 Control Gain Matrix in Three-storey Active Toggle 
Control System  
For the three-storey active toggle control system, the state form of motion equation is 
obtained as below. The following relationships have already been discussed in Sections ‎3.10.7 
and ‎3.10.8. Notice that in the following equations,    12.26 is toggle coefficient which has 
been already calculated in Section ‎3.14.6. 
[ ̇( )]
   
 [  ][ ( )]  [  ][ ̈ ( )]  
[  ]    [ ]  [   ][ ]   
[ ]    [
[ ] [ ]
 [ ]  [ ]  [ ]  [ ]
]  
[  ]    [
[ ]
[ ]  [ ]
]  
[  ]    [
[ ]
[ ]  [ ]
]  
Also, note that the dimensions of both matrices [ ], [ ] and [ ] are    . 
For deriving the control gain matrix [ ] in the closed-loop control system, the function 
of LQR in MATLAB® software is used as follows: 
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[ ]     (        ) (‎3.142) 
All the parameters in Equation  3.142 have been previously explained in the relevant sections.  
However, referring to Section ‎3.10.10, matrices [ ] and [ ] are weighting matrices and in 
this calculation process are tuned to the following values: 
[ ]    
[
 
 
 
 
 
  
  
  
  
  
  ]
 
 
 
 
 
  
 
[ ]    [
     
     
     
] 
 
Using the PLACE function in MATLAB
®
, for providing the more stability of the system, poles 
of the system are designed to be as follows: 
[     ]  [                                          ]   
Therefore, the gain matrix for the closed-loop control system is as follows: 
[       ]  [
        
       
 
   
        
       
      
   
        
       
        
   
     
   
 
   
     
    
    
   
       
      
       
]  
3.14.12 Control Gain Matrix in Active Tendon Control System  
Determining the gain matrix in the three-storey active tendon control system would be 
the same procedure as that expressed in Section ‎3.14.11 for the three-storey active toggle 
control system. Notice that, in the tendon system, all the expressions must be appropriated for 
this system. Using the same poles considered in the three-storey active toggle control system, 
the gain matrix in the three-storey active tendon control system will be as follows: 
[       ]   [       ]       [       ]  
3.14.13 Determination of Structural Response 
Since the specifications of the two systems, i.e. three-storey toggle and tendon systems, 
have been considered identical, the derived structural responses for both systems would be the 
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same. These structural responses due to the applied earthquake excitations can be calculated 
using the function LSIM in MATLAB
®
 software, as follows: 
[   ]      (         ̈   ) (‎3.143) 
In the aforementioned equation,   ,    and  ̈  have already been explained in the relevant 
sections. However, matrices   [      ] and   are the sensor matrix and the 
simulation time matrix, respectively. The structural displacement responses, i.e. the 
displacements of top of the floors for 1979 El Centro and 1994 Northridge‎ earthquakes, have 
been shown in Figures 3.30 to 3.35, respectively. The absolute maximum controlled structural 
displacements under 1979 El Centro and 1994 Northridge‎ earthquakes for the all floors are 
about 0.003 mm. 
 
 
Figure ‎3.30. Controlled structural displacement response for first floor 
under 1979 El Centro earthquake. 
 
Figure ‎3.31. Controlled structural displacement response for second 
floor under 1979 El Centro earthquake.  
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Figure ‎3.32. Controlled structural displacement response for third 
floor under 1979 El Centro earthquake. 
 
Figure ‎3.33. Controlled structural displacement response for first floor 
under 1994 Northridge earthquake. 
 
Figure ‎3.34. Controlled structural displacement response for second 
floor under 1994 Northridge‎earthquake. 
 
Figure ‎3.35. Controlled structural displacement response for third 
floor under 1994 Northridge earthquake. 
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3.14.14 Calculation of Control Forces 
After obtaining the control gain matrix in Section ‎3.14.10, the required control forces for 
both systems can be determined by using Equation  3.46. Notice that, in this equation, the 
control gain matrix has been obtained by using LQR algorithm. Therefore, the equation for 
determining the control forces in both systems is written as follows: 
[ ( )]   [ ][ ( )]  
In the above mentioned equation, the matrices [ ] and [ ( )]  have already been determined 
for the relevant system individually, as explained in Sections ‎3.14.10 and ‎3.14.13, 
respectively. 
3.14.15 Comparing the Results in Three-storey Control Systems 
1. Actuator Forces 
In this section, after determining the control forces, or in other words, the actuator forces 
in the three-storey active toggle and tendon control systems, these control forces have been 
plotted on graphs and shown in Figures 3.36 to 3.41 to demonstrate the difference between 
the relevant results. 
 
Figure ‎3.36. Compared first floor control forces in 1979 El Centro earthquake. 
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Figure ‎3.37. Compared second floor control forces in 1979 El Centro earthquake. 
 
Figure ‎3.38. Compared third floor control forces in 1979 El Centro earthquake. 
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Figure ‎3.39. Compared first floor control forces in 1994 Northridge earthquake. 
 
Figure ‎3.40. Compared second floor control forces in 1994 Northridge earthquake. 
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Figure ‎3.41. Compared third floor control forces in 1994 Northridge earthquake. 
It is obvious from Figures 3.36 to 3.41 that a three-storey active control system with the 
toggle configuration can enormously diminish the required actuator forces in the storeys. In 
this numerical analysis, this reduction is about 91.8%, compared to the tendon control system 
with various seismic excitations. Also, having the toggle coefficient, this reduction in the 
control forces in the toggle system can be achieved directly from Equations  3.135.  
2. Displacements 
The compared results related to the controlled and uncontrolled displacements have been 
plotted in Figures 3.42 to 3.47 for 1979 El Centro and 1994 Northridge‎ earthquakes, 
respectively. The responses for the free vibration have been calculated using by the 
Newmark‘s method (Chopra, 2001).  
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Figure ‎3.42. Compared first floor displacements in 1979 El Centro earthquake. 
 
Figure ‎3.43. Compared second floor displacements in 1979 El Centro earthquake. 
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Figure ‎3.44. Compared third floor displacements in 1979 El Centro earthquake. 
 
Figure ‎3.45. Compared first floor displacements in 1994 Northridge earthquake. 
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Figure ‎3.46. Compared second floor displacements in 1994 Northridge earthquake. 
 
Figure ‎3.47. Compared third floor displacements in 1994 Northridge earthquake. 
Figures ‎3.42 to ‎3.47 prove clearly that deploying the toggle configuration in a three-
storey active control system can enormously diminish the structural responses under the 
earthquake vibrations.  
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 CHAPTER 4
ACTIVE SCISSOR-JACK CONTROL SYSTEM 
IN SINGLE- AND MULTI-DEGREE-OF-
FREEDOM FRAMES 
4.1 Introduction 
Like the toggle-brace-dampers, which were explained in Section ‎3.1, the scissor-jack 
system has also been invented to magnify the effects of the damping devices in order to 
mitigate the structural seismic responses. This system and its magnification factor have been 
well explained in the patent (Constantinou, 2002). He explains that the scissor-jack is a device 
comprising of braces with energy devices like viscos, viscoelastic, or hysteretic dampers, or 
an active or semi-active device. These devices are connected between opposing pivot joints in 
the scissor-jack system. Installation of the scissor-jack system in frames causes the 
displacements to magnify so that the dampers can dissipate the energy more effectively. The 
suggested scissor-jack configurations can either be installed between the beam-column joints, 
or between a beam-column-joint and the beam in the same storey. (Walsh et al., 2012) 
investigated the scissor-jack dampers to seismic controlling the excited flexible truss tower. 
They developed the new equations for the scissor-jack dampers to model the magnification 
factor. The experimental study has been performed by (Rama Raju et al., 2014) using a three-
storey steel moment resisting frame model to show the efficiency of the scissor-jack-MR 
damper systems. Their experimental results indicate that the scissor-jack MR damper systems 
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improve the structural performance of the building. Also, investigation of the scissor-jack-
damper system for reduction of cable vibration has been performed by (Park et al., 2005) and 
their results show that the scissor-jack damper system can be one of the promising devices for 
prevention of stay cable vibration. In all the aforementioned systems, the geometrical shape of 
the scissor-jack configuration is a rhombus, which is based on the expression stated in the 
patent (Constantinou, 2002). 
In this research, the effects of the scissor-jack configuration in an active control system 
are investigated. Notice that in this study, the geometrical shape of the utilized scissor-jack 
configuration is not exactly a rhombus, where all the sides have equal length, as is the case in 
the above mentioned investigations. However, the considered scissor-jack system in this 
research has the adjacent sides equal with the orthogonal diagonals, as shown in Figure ‎4.1, 
and the exact rhombus shape is one of those shapes in the specific state.   
4.2 SDOF Scissor-jack Configuration 
A single-degree-of-freedom frame is presented, as shown in Figure ‎4.1. The mass, 
stiffness and damping of the frame are ,   and   , respectively. As is clear from the figure, 
the scissor-jack configuration consists of four members, i.e. OA, OC, O'A and O'C. The 
connections of these four members with each other and with the main frame are hinge 
connections. It means that these four members can rotate freely about the normal axis in the 
plane of the frame passing through the points O, O', A and C.    
An actuator is installed into the scissor-jack configuration between points O and O'. The 
connections of the actuator to the points O and O' are hinge connections as well. The actuator 
forces are exerted on the frame through the four members, OA, OC, O'A and O'C. 
In terms of the small target displacements in the structural frames in the active control 
systems, having sufficient rigidity of these four members, i.e. AO, OC, AO' and O'C, is 
essential; otherwise, the transfer of control forces from the actuator to the main frame could 
be affected due to their deflections. Consequently, the scissor-jack system would not work 
precisely anymore. To avoid this from happening, the mentioned deflections in the tension 
and compression members must be remained in an acceptably small range. In terms of 
practical implementation, the assumption of brace rigidity and construction tolerances will 
need to be verified, and calibration of the system is deemed necessary. 
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Furthermore, Figure ‎4.1 shows a response sensor has been implemented at the top of the 
frame. Also, there is a controller installed in this system that can determine the control signals 
by its own algorithm based on the received structural response data measured by the sensor. 
 
Figure  4.1. Scissor-jack configuration in active control system. 
Accordingly, Figure ‎4.2 shows the relevant forces in the scissor-jack configuration in the 
active control system. As is seen from the figure, the structural response, i.e. velocities and 
displacements, due to earthquake forces is measured by the sensor. Then, the measured 
information is sent to the controller. Furthermore, the controller determines the control forces 
based on its algorithm and sends the signals to the actuator. Finally, the actuator applies the 
control force through the members AO, OC, AO' and O'C to the main structure to neutralize 
the effect of that disturbance in the opposite direction.  
 
Figure  4.2. Forces in active scissor-jack control system. 
In Figure ‎4.2,  ( )  is the actuator force,   ( ) ,   ( ),   ( )  and   ( ) are tension or 
compression forces in the members AO, OC, AO' and O'C, respectively, with regard to the 
115 
 
direction of the displacement,  is a lumped mass of the structure and  ̈  is the earthquake 
acceleration. 
4.3 Motion Equation in Active Scissor-jack Control System 
The motion equation of the scissor-jack system can be obtained through the following 
process.   
Considering Figure ‎4.2, the equilibrium of horizontal forces in the hinges O and O' in a 
time instant can be written as follows: 
  ( )         ( )       ( )        (‎4.1) 
  ( )         ( )       ( )          (‎4.2) 
where,  ( )  is the actuator force,   ( ) ,   ( ) ,   ( )  and   ( )  are tension forces in the 
members of AO, OC, AO' and O'C, respectively. Also, the angles of    to    have been 
shown in Figure ‎4.2. Moreover, the angle of    is the angle that the diagonal AC creates with 
the horizon.   
Similarly, the equilibrium of vertical forces in the hinges O and O' is obtained as below: 
  ( )        ( )       ( )         (‎4.3) 
  ( )        ( )       ( )         (‎4.4) 
Simultaneously solving Equations  4.1 and  4.3, as well as equations  4.2 and  4.4 results in    
and   , as follows: 
  ( )     ( ) (‎4.5) 
  ( )     ( ) (‎4.6) 
where,    and    are as follows: 
      (     )    (     )⁄  (‎4.7) 
      (     )    (     )⁄  (‎4.8) 
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Also, in the abovementioned equations, it is proved that      . 
If ,  , and   are the lumped mass, damping and stiffness of the structure, respectively, the 
motion equation of the system considering the concept of dynamic equilibrium can be written 
as follows: 
  ̈( )    ̇( )    ( )                     ̈ ( ) (‎4.9) 
After substituting Equations  4.5 and  4.6 into Equation  4.9, the motion equation for the 
active scissor-jack control system will be derived as below: 
  ̈( )    ̇( )    ( )      ( )    ̈ ( ) (‎4.10) 
Since      , then    in Equation  4.10 is derived as follows: 
     (           ) (‎4.11) 
Equation  4.10 is the motion equation for an active control system with the scissor-jack 
configuration, illustrated in Figure ‎4.2. In this formula,  is the mass in       ,   is the 
damping coefficient in     ⁄ ,   is the stiffness in     ,  ( ) is the actuator force in   , 
 ̈ ( )  is the earthquake acceleration in    
  and    is the scissor-jack coefficient that 
depends on the angles of    to   . Equation  4.10 expresses the motion of the system having 
scissor-jack configuration. From the point of view of control system design, the objective is to 
minimize the displacement   ( )  by changing the force  ( ) . The variable  ̈( )  is the 
acceleration generated by an earthquake excitation, which is considered disturbance.  
4.4 Efficiency of Active Scissor-jack Control System 
As has already been mentioned in Section ‎1.5.2, one of the specific objectives of this 
research is the reduction of the required active control forces applied by the actuators. This 
reduction of control forces is selected as an efficiency factor in the active scissor-jack control 
system. Therefore, for this investigation, the same procedure expressed in the previous 
chapters is followed. Similarly, two single-degree-of-freedom systems with the identical 
mass, damping and stiffness values are chosen. The first system is considered to have the 
active control system in scissor-jack configuration and the second one has the tendon control 
system (Cheng et al., 2010) as indicated in Figures 4.3 and 4.4, respectively. 
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Figure  4.3. Single-storey active scissor-jack control system. 
 
Figure  4.4. Single-storey active tendon control system. 
The motion equation of the active scissor-jack control system, which has been already 
achieved in Section ‎4.3, is restated here, as follows: 
  ̈( )    ̇( )    ( )      ( )               ̈ ( ) (‎4.12) 
As explained previously in Section ‎3.3, the motion equation of the active tendon control 
system indicated in Figure ‎4.4 can be written as below. Notice that in this comparison, the 
mass, damping and stiffness of both frames are assumed to be identical. 
  ̈( )    ̇( )    ( )    ( )         ̈ ( ) (‎4.13) 
Using Equations  4.12 and  4.13, the relationship between the actuator forces related to the 
scissor-jack and tendon systems in a time instant is obtained as follows: 
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 ( )             (
 
  
)  ( )       (‎4.14) 
where    is the scissor-jack coefficient defined in Equation  4.11.  
Equation  4.14 shows that the active scissor-jack control system is more efficient than the 
active tendon control system if the    is greater than unity. Therefore, for proving that, the 
variation of    for all the acceptable values of    should be investigated. For this purpose, the 
effect of scissor-jack coefficient    in the active scissor-jack control system has to be studied. 
In Section ‎4.5, it will be proven that all values of    are greater than unity. Therefore, the 
control forces in the scissor-jack control system are    times smaller than the control forces in 
the tendon control system for stabilizing the frame against the same excitation.  
4.5 Effect of Scissor-jack Coefficient    
As is clear from the Figure ‎4.3, the length of O'A is   . In the active scissor-jack control 
system,   and    are independent values. It means that setting the values of   and    for 
given   and   sets the other angles and length values. Therefore, considering Figure ‎4.3, all 
the other geometrical characteristics can be calculated based on the known values of    and 
   using the following equations. In these equations, the variables of   ,   ,    and    are the 
function of only   ,   ,   and  . 
             (
 
 
)     (‎4.15) 
             (
 
 
)     (‎4.16) 
         (
[        (  )]
[        (  )]
) (‎4.17) 
   [       (  )]     (  ) (‎4.18) 
The effect of variations of   and    is shown in the coefficient of    in Equation  4.10, 
which has been multiplied as a direct factor to the actuator force. Hence, numerically finding 
variations of    with respect to    through Equation  4.11 would be more straightforward. 
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Therefore, considering h=3.0 m and L=6.0 m in Figure ‎4.3, the variations of    with respect 
to    having different    can be determined. In practical designs, if it is considered to install 
the actuator in the plane of the frame, the maximum value of    will depend on the length of 
the installed actuator, i.e. length between OO' in Figure ‎4.2. However, in the case of the 
installation of the actuator close to the frame in the out-of-frame plane, even greater values of 
   can be selected. 
Using Equation  4.11, all values of    have been plotted with respect to all acceptable 
values of   , while    varies from 1.0 m to 4.0 m. These results are indicated in Figure ‎4.5. 
Figure ‎4.5 shows that all values of    are greater than unity. Therefore, referring to 
Section ‎4.4 regarding the efficiency of the scissor-jack system compared to the tendon 
system, these values of   , which are greater than unity, prove that the scissor-jack system is 
more efficient than the tendon system.  
 
Figure  4.5. Variations of    with respect to    with different   . 
4.6 Effects of    and    in Scissor-jack Configuration 
It was denoted in Section ‎4.5 that    and    are independent values in the scissor-jack 
configuration. This means that these two parameters should be preselected prior to designing 
the active control system in a scissor-jack configuration. This is why selecting the suitable 
values for these two parameters is very important. 
Figure ‎4.5 is the figure which shows the effects of both    and    in the scissor-jack 
system. This figure indicates that, when the value of     approaches its maximum value i.e   , 
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the scissor-jack coefficient    increases rapidly. In other words, the scissor-jack system acts 
more efficiently in   s that are close to their maximum values. Although reaching the greater 
scissor-jack coefficient is desirable, the design objectives and construction restrictions have to 
be taken into consideration when choosing   . 
Also, the results indicated in Figure ‎4.5 can help designers choose the optimum value for 
   based on their construction specifications and restrictions. It is clear from Figure ‎4.5 that 
the smaller    generates the greater   . Therefore, to have the more efficient toggle system, 
the smaller    should be selected.     
4.7 Effects of Frame Span Length in Scissor-jack 
Configuration  
To investigate the effects of variations of the frame span length   on the scissor-jack 
coefficient, the numerical method similar to that utilized in Section ‎4.5 is applied. For this, 
considering h=3.0 m and L1=1.5 m in Figure ‎4.3, the variations of    with respect to    
having different   can be determined. The result is provided in Figure ‎4.6 below.  
 
Figure  4.6. Variations of    with respect to    with different  . 
Figure ‎4.6 shows that the greater span produces the bigger scissor-jack coefficient of    
while    varies from zero degree to its relevant maximum value. This figure proves that, 
during the design procedure in a scissor-jack control system, it is desirable to select the 
frames with bigger spans. 
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4.8 Effects of Frame Height in Scissor-jack Configuration  
To investigate the effects of variations of the frame height,  , on the scissor-jack 
coefficient, the same method indicated in Section ‎4.5 is applied here. Thus, assuming     
L=6.0 m and L1=1.5 m, indicated in Figure ‎4.3, the variations of    with respect to    having 
different   can be calculated. These results have been indicated in Figure ‎4.7.  
 
Figure  4.7. Variations of    with respect to    with different  . 
Figure ‎4.7 expresses that the greater height produces the smaller scissor-jack coefficient 
  , while    varies. This figure proves that, during the design procedure in the active scissor-
jack control system, it is desirable to select the frames with the smallest height possible. 
4.9 Numerical Analysis 
4.9.1 Methodology 
Regarding the specific objectives indicated in Section ‎1.5.2, the mitigation of the 
required control forces in the single-storey active scissor-jack control system is investigated 
in this section through a numerical analysis. The outline of this procedure is the same as that 
in the outline expressed in Section ‎3.10.1.  
In this section, the models indicated in Figures 4.8 and 4.9 are deployed as a main and 
comparison unit, respectively. 
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Figure  4.8. Active scissor-jack control system. 
 
 
Figure  4.9. Active tendon control system. 
4.9.2 Active Scissor-jack Control System 
In this approach, a single-degree-of-freedom frame with an active scissor-jack control 
system is selected, as indicated in Figure ‎4.8. The structure, actuator, sensor and controller in 
this process are assumed to be linear (Chung et al., 1988, Chung et al., 1989, Cheng and 
Jiang, 1998b, Cheng and Jiang, 1998a, Cheng et al., 2010).  
4.9.3 Specifications of Scissor-jack System 
In this numerical analysis, the columns are 150UC23.4 and the beam is 180UB22.2. The 
relevant specifications are listed in the table below.  
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Table ‎4.1. Specifications of scissor-jack system. 
Specification Value Unit 
L 6 m 
h 3 m 
m 10 ton 
c 3.0 kNs/m 
k 571 kN/m 
Ib 15.3×10
6 
mm
4 
Ic 3.98×10
6
 mm
4
 
ρ 0.961 ― 
E 200 GPa 
   7.6 rad/sec 
   0.83 sec 
 
Assuming the damping ratio is equal to 2% for a steel frame, i.e.    2%, the stiffness and 
damping, natural frequency and period of the assumed frame have been calculated using the 
same equations indicated in Section ‎3.10.3, i.e. Equations  3.33 to  3.37 (Chopra, 2001). 
4.9.4 Active Tendon Control System 
As a unit of comparison, an active tendon control system with the same specifications as 
those indicated in Table ‎4.1 is considered. This system has been shown in Figure ‎4.9 (Cheng 
et al., 2010). All the characteristics of this system are assumed to be similar to those in the 
scissor-jack system, unless its control system has been considered to be the tendon control 
system. 
4.9.5 Specifications of Tendon System 
The specifications of this system have been assumed to be identical to the scissor-jack 
control system. These characteristics are shown in Table ‎4.1. 
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4.9.6 Deriving Optimum Scissor-jack Coefficient    
It was proven, as has been indicated in Section ‎4.4, that the values of actuator forces 
decrease by increasing scissor-jack coefficient   . On the other hand, Figure ‎4.5 shows that 
the scissor-jack coefficient    increases by diminishing the length of the lower brace   . 
Therefore, the smaller values of    produce the bigger values of   , which results in smaller 
control forces.  
Hence, it is assumed that the actuator is installed in a parallel plane close to the scissor-
jack plane. However, the control forces can be exerted on the system by a mechanism in the 
plane of the scissor-jack configuration. Using this mechanism,    can approach its maximum 
value, i.e. 26.6°. Therefore, in choosing the optimum value for    using Figure ‎4.5, even 
bigger values of    can be selected.     
Accordingly, with reference to the above mentioned explanations as well as to 
Figure ‎4.5, for this numerical analysis,    and    are selected 23° and 1.5 m, respectively. As 
has been seen in Section ‎4.5,    and    are independent values. Therefore, the other 
characteristics of the system can be obtainable after choosing the optimum values for    and 
  . All the other specifications needed for calculating the optimum scissor-jack coefficient in 
this numerical analysis have been calculated utilizing the equations expressed in Section ‎4.5 
and indicated in Table ‎4.2. Finally, the optimum value for the scissor-jack coefficient   can 
be derived by using Equation  4.11.   
125 
 
     Table ‎4.2. Required characteristics for calculating optimum   . 
Specification Value Unit 
L 6.0 m 
h 3.0 m 
L1 1.5 m 
L2 5.2 m 
θ1 20 degree 
θ2 61.6 degree 
θ3 56.9 degree 
θ4 24.7 degree 
θ5 26.6 degree 
   12.1 ― 
 
4.9.7 Feedback Control Layout 
As discussed earlier in Section ‎2.6, the closed-loop feedback control layout is the most 
popular and suitable feedback control layout in smart structures. In this numerical analysis, 
the closed-loop feedback control layout has been selected to be installed in both systems, i.e. 
the scissor-jack and tendon control systems. 
4.9.8   Utilized Algorithm 
In this numerical analysis, for determining the gain matrix, the algorithms of LQR and 
pole placement have been used. These algorithms have been broadly explained in 
Sections ‎3.10.11 and ‎3.10.12. In this procedure, for solving the LQR and pole placement 
algorithm, the functions of LQR and PLACE in MATLAB
®
 software have been deployed. 
4.9.9 Earthquake Acceleration Data 
The earthquake data which has been applied to the active control systems are the same 
data used in Section ‎3.10.13. These data have been shown in Figures ‎3.14 and ‎3.15.   
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4.9.10 Determining the Gain Matrix for the Systems 
Considering the closed-loop feedback control installed in both the active scissor-jack and 
tendon control system, for determining the gain matrix, the state form of motion equations for 
the both systems should be derived. This task can be carried out using Equations  3.47 
and  3.48, indicated in the sections below.  
4.9.11 Control Gain Matrix in Active Scissor-jack 
Control System  
For the active scissor-jack control system, the state form of motion equation is obtained 
as below. The following relationships have already been discussed in Section ‎3.10.16. Notice 
that in the following equations,     12.1 is the scissor-jack coefficient which has been 
already calculated in Section ‎3.10.6. 
 
[ ̇( )]  [  ][ ( )]  [  ][ ̈ ( )]  
[  ]  [ ]  [    ][ ]  
[ ]  [
  
 
   
  
 
 
  
]  
[  ]  [
 
   
 
  
]  
For finding the control gain matrix [ ] in the closed-loop control system, the function of LQR 
in MATLAB® software is used, as follows: 
[ ]     (        ) (‎4.19) 
In the above mentioned equation, all the terms inside the parentheses are matrices and have 
the same previously explained characteristics. However, referring to Section ‎3.10.10, matrices 
[ ] and [ ] are known as weighting matrices and in this calculation process are tuned to be as 
follows: 
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[ ]  [
   
   
]  
[ ]  [     ]  
Using the PLACE function in MATLAB
®
, for providing the more stability of the system, poles 
of the system are designed to be –150, identically. Therefore, the gain matrix for the closed-
loop control system is as follows: 
[             ]  [          ]  
4.9.12 Control Gain Matrix in Active Tendon Control System  
Determining the gain matrix in the active tendon control system would be the same as the 
procedure expressed in Section ‎4.9.11 for the active scissor-jack control system. Notice that in 
the tendon system, all the expressions must be appropriated for this system. Using the same 
poles considered in the active toggle control system, i.e.  –150, the gain matrix in active 
tendon control system will be as follows: 
[       ]    [             ]      [             ]  
4.9.13 Determination of Structural Displacement Response 
The determination of the structural response related to both systems is similar to the 
procedure already explained in Section ‎3.10.18. Note that, in this process, the relevant 
specifications related to the systems must be considered. 
The structural displacement responses, i.e. the displacements of the top of the frames for 1979 
El Centro and 1994 Northridge‎ earthquakes, have been shown in Figures 4.10 and 4.11, 
respectively. The absolute maximum controlled structural displacement under 1979 El Centro 
and 1994 Northridge‎ earthquakes are 0.22 mm and 0.25 mm, respectively. 
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Figure  4.10. Controlled structural displacement response under 
1979 El Centro earthquake. 
 
Figure  4.11. Controlled structural displacement response under 
1994 Northridge earthquake. 
4.9.14 Calculation of Control Forces 
After obtaining the control gain matrix in Section ‎4.9.10, the required control forces for 
both systems can be determined using Equation  3.46. Notice that, in this equation, the control 
gain matrix has been obtained by using LQR algorithm. Therefore, the equation for 
determining the control forces in both systems is written as follows: 
[ ( )]   [ ][ ( )]  
In the above mentioned equation, the matrices [ ] and [ ] have already been determined for 
the relevant system individually, as explained in Sections ‎4.9.10 and ‎4.9.13, respectively. 
4.9.15 Comparing the Results  
1. Actuator Forces 
In this section, after determining the control forces, i.e. actuator forces, in the active 
scissor-jack and tendon control systems, these control forces have been plotted on the graphs 
to demonstrate the difference between the relevant results, as shown in Figures 4.12 and 4.13.  
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Figure ‎4.12. Compared control forces in 1979 El Centro Earthquake. 
 
Figure ‎4.13. Compared control forces in 1994 Northridge Earthquake. 
It is obvious from Figures 4.12 and 4.13 that an active control system with the scissor-
jack configuration can enormously diminish the actuator forces required. In this numerical 
analysis, this reduction is about 91.7%, compared to the tendon control system with various 
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seismic excitations. Also, having the scissor-jack coefficient, this reduction in the control 
forces in the scissor-jack system can be achieved directly from Equation  4.14.  
2. Displacements 
The compared results related to the controlled and uncontrolled displacements have been 
plotted in Figures 4.14 and 4.15 for ‎1979 El Centro ‎ and ‎1994 Northridge‎ earthquakes, 
respectively. The responses for the free vibration have been calculated by methods based on 
an interpolation of excitation (Chopra, 2001).  
 
Figure ‎4.14. Compared frame displacements in 1979 El Centro earthquake. 
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Figure ‎4.15. Compared frame displacements in 1994 Northridge earthquake. 
Figures ‎4.14 and ‎4.15 show clearly that deploying the scissor-jack configuration in an 
active control system can enormously diminish the structural responses under the earthquake 
vibrations. 
4.10 MDOF Scissor-jack Configuration 
A three-degree-of-freedom shear frame with one span and three storeys is presented, as 
shown in Figure ‎4.16. The mass, stiffness and damping of the frame for the first to third 
storeys are,    to   ,    to    and    to   , respectively. As is clear from the figure, the 
scissor-jack configuration consists of four members in every storey, i.e. O1A0, O1B1, O΄1A0 
and O΄1B1 to O3A2, O3B3, O΄3A2 and O΄3B3, respectively. The connections of these four 
members with each other and with the main frame are hinge connections. It means that these 
four members in each storey can rotate freely about the normal axis in the plane of the frame 
passing through the points O1 to O3, O1΄ to O3΄, A0 to A2 and B1 to B3.    
An actuator is installed into the scissor-jack configuration between the points    O1 and 
O1΄ to O3 and O3΄ on each level. The connections of the actuators to the points O1 to O3 and 
O1΄ to O3΄ are hinge connections as well. The actuator forces are exerted to the frame through 
the diagonal members O1A0, O1B1, O΄1A0 and O΄1B1 to O3A2, O3B3, O΄3A2 and O΄3B3 in each 
storey, respectively. 
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Dealing with the small target displacements in the structural frames in the active control 
systems, it is essential that these diagonal members, i.e. O1A0, O1B1, O΄1A0 and O΄1B1 to 
O3A2, O3B3, O΄3A2 and O΄3B3 possess sufficient rigidity. Otherwise, the transfer of control 
forces from the actuators to the main frame can be affected due to their deflections. 
Consequently, the scissor-jack system cannot work precisely anymore. To avoid this, the 
mentioned deflections in the tension and compression members must remain within an 
acceptably small range. In the practical implementation, the assumption of brace rigidity and 
construction tolerances will need to be verified, and calibration of system is deemed 
necessary. 
Furthermore, Figure ‎4.16 shows that three response sensors have been implemented at 
the top of each floor. Also, there is a controller installed in this system that can determine the 
control signals by own algorithm based on the received structural response data measured by 
the sensors. 
 
Figure ‎4.16. Three-storey scissor-jack configuration in active control system. 
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Accordingly, Figure ‎4.17 shows the relevant forces in the scissor-jack configuration in 
active control system. As is seen from Figure ‎4.16, the structural responses, i.e. velocities and 
displacements, in points B1 to B3, due to earthquake forces, are measured by the sensors. 
Then, the measured information is sent to the controller. Furthermore, the controller 
determines the control forces based on its algorithm and sends the signals to the actuator. 
Finally, the actuators apply the control forces through the members O1A0, O1B1, O΄1A0 and 
O΄1B1 to O3A2, O3B3, O΄3A2 and O΄3B3 to the main structure, in order to neutralize the effect 
of that disturbance in the opposite direction. 
 
Figure ‎4.17. Forces in three-storey active scissor-jack control system. 
In Figure ‎4.17,   ( ) to   ( ) are actuator forces,    ( ),    ( ),    ( ) and    ( ) to 
   ( ),    ( ),    ( ) and    ( ) are tension or compression forces in the members O1B1, 
O1A0, O΄1B1 and O΄1A0 to O3B3, O3A2, O΄3B3 and O΄3A2, respectively, with regard to the 
direction of the displacement,   to   is a lumped mass of the structure in each storey and 
 ̈  is the earthquake acceleration. 
134 
 
4.11 Motion Equation in Three-storey Active Scissor-
jack Control System 
The motion equation of the three-storey scissor-jack control system can be obtained 
through the following process.   
Considering Figure ‎4.17, the equilibrium of horizontal forces in the hinges O1 to O3 and 
O΄1 to O΄3   in a time instant can be written, respectively, as follows: 
the equilibrium of horizontal forces in the hinges O1 to O3 is: 
   ( )          ( )        ( )        (‎4.20) 
   ( )          ( )        ( )        (‎4.21) 
   ( )          ( )        ( )        (‎4.22) 
and, the equilibrium of horizontal forces in the hinges O΄1 to O΄3 is:  
   ( )          ( )        ( )        (‎4.23) 
   ( )          ( )        ( )        (‎4.24) 
   ( )          ( )        ( )         (‎4.25) 
where   ( ) to   ( ) are actuator forces,    ( ) to    ( ),    ( ) to    ( ),    ( ) to    ( ) 
and    ( ) to    ( ) are tension forces in members O1B1 to O3B3, O1A0 to O3A2, O΄1B1 to 
O΄3B3 and O΄1A0 to O΄3A2, respectively,   to   are lumped masses of the structure, and  ̈  
is the earthquake acceleration. Also, the angles of    to    have been shown in Figure ‎4.16. 
Notice that the angle of    is the angle that the diagonals A0B1 to A2B3 create with the 
horizon. 
Similarly, the equilibrium of vertical forces in the hinges O1 to O3 and O΄1 to O΄3   can be 
obtained as below: 
the equilibrium of vertical forces in the hinges O1 to O3 is:  
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   ( )         ( )        ( )         (‎4.26) 
   ( )         ( )        ( )        (‎4.27) 
   ( )         ( )        ( )        (‎4.28) 
and, the equilibrium of vertical forces in the hinges O΄1 to O΄3 is: 
   ( )         ( )        ( )         (‎4.29) 
   ( )         ( )        ( )         (‎4.30) 
   ( )         ( )        ( )         (‎4.31) 
Simultaneously solving Equations  4.20 and  4.26, as well as Equations  4.23 and  4.29, results 
in    ( ) to    ( )  as follows: 
   ( )        ( )      (‎4.32) 
   ( )        ( ) (‎4.33) 
   ( )        ( ) (‎4.34) 
   ( )        ( ) (‎4.35) 
where, 
        (     )    (     )⁄  (‎4.36) 
        (     )    (     )⁄  (‎4.37) 
        (     )    (     )⁄  (‎4.38) 
        (     )    (     )⁄  (‎4.39) 
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Also, in the abovementioned equations, it is proved that           and          . 
Since the layout in the storeys has been considered similar, the general equation of the forces 
in the diagonal members in the active scissor-jack control system is expressed as follows: 
   ( )        ( ) (‎4.40) 
In Equation  4.40,           is the number of force in the diagonal member based on the 
Figure ‎4.17,           is the number of floors, and      to      have already been defined 
in Equations  4.36 to  4.39, respectively.  
The motion equation for the aforementioned system from the first floor to the third floor 
is written as follows, respectively: 
{
 
 
 
 
 
 
 
 
 
 
 
 
   ̈ ( )     ̇ ( )    ( ̇ ( )   ̇ ( ))      ( )     (  ( )    ( ))
    ( )         ( )                            ̈ ( )          
   ̈ ( )    ( ̇ ( )   ̇ ( ))    ( ̇ ( )   ̇ ( ))    (  ( )    ( )) 
   (  ( )    ( ))     ( )         ( )                                 
              ̈ ( )                                                                                        
   ̈ ( )    ( ̇ ( )   ̇ ( ))    (  ( )    ( ))                                        
    ( )         ( )          ̈ ( )                                                      
 (‎4.41) 
Using Equations  4.32 to  4.39  4.40and substituting the equivalent parameters into the 
equations of Equation  4.41, the motion equation for the three-storey active scissor-jack 
control system is derived as follows: 
{
 
 
 
 
 
 
 
 
   ̈ ( ) (     ) ̇ ( )    ̇ ( ) (     )  ( )     ( )
       ( )      ( )     ̈ ( )
   ̈ ( )    ̇ ( ) (     ) ̇ ( )    ̇ ( )     ( )
 (     )  ( )     ( )        ( )      ( )     ̈ ( )
   ̈ ( )    ̇ ( )    ̇ ( )     ( )     ( )        ( )     ̈ ( )
 (‎4.42) 
while, 
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                        (‎4.43) 
Since          , Equation  4.43 can be re-written as follows: 
        (           ) (‎4.44) 
where      has already been expressed in Equation  4.36. 
Comparing Equations  3.23 and  4.44 shows that in the case of having the same scissor-
jack configuration characteristics, the value of scissor-jack coefficient    in SDOF scissor-
jack configuration is identical to the scissor-jack coefficient     in every storey of MDOF 
scissor-jack configuration.  
The equations indicated in Equation  4.42 can be condensed into matrix form, as follows: 
[ ] ̈( )  [ ] ̇( )  [ ] ( )  [   ] ( )   [ ] ̈ ( ) (‎4.45) 
where, 
[ ]  [
    
    
    
] (‎4.46) 
[ ]  [
(     )     
   (     )    
      
] (‎4.47) 
[ ]  [
(     )     
   (     )    
      
] (‎4.48) 
[   ]  [
        
        
      
] (‎4.49) 
[ ( )]  [
  ( )
  ( )
  ( )
] (‎4.50) 
138 
 
[ ]  [
   
   
   
] (‎4.51) 
Equation  4.45 is the motion equation in the three-storey active scissor-jack control 
system, illustrated in Figure ‎4.17. In this formula,   to   are masses in    
   ,    to    
are damping coefficients in     ⁄ ,    to    are stiffnesses in      and   ( ) to   ( ) are 
actuator or control forces in    for the first storey to the third storey, respectively. Also, 
 ̈ ( )  is the ground acceleration due to earthquakes in    
  and     is the scissor-jack 
coefficient, which depends on angles of    to   . Equation  4.45 dictates the motion of the 
three-storey active scissor-jack control system. From the point of view of control system 
design, the objective is to minimize the displacement  ( ) by changing the forces   ( ) to 
  ( ). The variable  ̈( ) is the acceleration generated by the earthquakes in the structure, 
which is considered disturbance. 
4.12 Efficiency of Three-storey Active Scissor-jack 
Control System 
One of the specific objectives of this research is the mitigation of required active control 
forces applied by the actuators to the system, as mentioned in Section ‎1.5.2. This reduction of 
control forces is selected as an efficiency factor in the active scissor-jack control system. 
Therefore, for investigating the efficiency of a multi-degree-of-freedom active control system 
having scissor-jack configuration, two three-degree-of-freedom systems with the identical 
mass, damping and stiffness values are chosen. First system has the active control system in 
scissor-jack configuration and the second one has tendon control system (Cheng et al., 2010) 
as indicated in Figures 4.18 and 4.19, respectively. 
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Figure ‎4.18. Three-storey active scissor-jack control system. 
 
Figure ‎4.19. Three-storey active tendon control system. 
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The motion equation of three-storey active toggle control system, already achieved in 
Section ‎4.11, is restated here as follows: 
[ ] ̈( )  [ ] ̇( )  [ ] ( )  [             ] ( )              [ ] ̈ ( ) (‎4.52) 
The motion equation of a three-storey active tendon control system indicated in 
Figure ‎4.19 can be derived using Equation  3.4 as below, while the frame has three-degrees-of-
freedom. Notice that in this comparison, the mass, damping and stiffness of both frames are 
assumed to be identical. 
[ ] ̈( )  [ ] ̇( )  [ ] ( )  [       ] ( )        [ ] ̈ ( ) (‎4.53) 
As long as the two systems have been assumed identical apart from the control forces, using 
Equations  4.52 and  4.53, the relationship between the actuator forces related to the scissor-
jack and tendon systems in a time instant can therefore be obtained as follows: 
 ( )             
[       ]
[             ]
 ( )       (‎4.54) 
By substituting the equivalent matrices for [             ] and [       ], Equation  4.54 is 
derived as follows: 
 ( )             [
    ⁄   
     ⁄  
      ⁄
] ( )       (‎4.55) 
Using matrix form for  ( )             and  ( )      , Equation  4.55 can be indicated as 
follows: 
[
  ( )
  ( )
  ( )
]
            
 [
    ⁄   
     ⁄  
      ⁄
] [
  ( )
  ( )
  ( )
]
      
 (‎4.56) 
or, 
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[
  ( )
  ( )
  ( )
]
            
 
[
 
 
 
 
 
 (
 
   
)   ( )
(
 
   
)   ( )
(
 
   
)   ( )]
 
 
 
 
 
 
      
 (‎4.57) 
Equation  4.57 can be shown as follows: 
{
  
 
  
   ( )             (
 
   
)   ( )      
  ( )             (
 
   
)   ( )      
  ( )             (
 
   
)   ( )      
 (‎4.58) 
where     has already been derived through Equation  4.44. 
Equation  4.58 clearly shows that the control forces in every storey in the scissor-jack 
system are     times smaller than the corresponding control forces in the tendon system. In 
other words, the active scissor-jack control system is more efficient than the active tendon 
control system if the     is greater than unity. Therefore, for proving that, the variation of 
    for all the acceptable values of    should be investigated. For this purpose, the effect of 
scissor-jack coefficient     in the active scissor-jack control system has to be studied. In 
Section ‎4.5, it has been proved for single-degree-of-freedom scissor-jack system that all 
values of    are greater than unity. Since the coefficient     for each storey is identical with 
coefficient   , therefore, the control forces in scissor-jack control system are     times 
smaller than the control forces in tendon control system in every storey for stabilizing the 
frame against the same excitation 
Equation  4.58 expresses that investigation of effect of     in the whole toggle system is 
converted to investigation of effect of    in every storey having scissor-jack configuration. 
From this point forward, the investigation of effect of the scissor-jack coefficient     in the 
three-storey active scissor-jack control system would be changed to the same investigation of 
the scissor-jack coefficient    having the same characteristic in a single-storey active scissor-
jack control system. The variations of    with the relevant parameters have been already 
carried out thoroughly in Sections ‎4.4 to ‎4.8 and therefore, it is avoided to be repeated in this 
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section. Regarding to the aforementioned explanation, the coefficient     becomes identical 
with the coefficient    having the identical parameters in their frame configuration.  
4.13 Numerical Analysis 
4.13.1 Methodology 
Regarding to the specific objectives indicated in Section ‎1.5.2, the mitigation of the 
required control forces in the three-storey scissor-jack control system is investigated in this 
section through a numerical analysis. The outline of this procedure is as follows: 
1. Defining a three-degree-of-freedom active scissor-jack control system indicated in 
Figure ‎4.18 as a main unit. 
2. Selecting a three-degree-of-freedom active tendon control system shown in 
Figure ‎4.19 as a comparison unit. 
3. Determining the optimum value for scissor-jack coefficient    in each storey 
based on the property of scissor-jack configuration.  
4. Introducing the installed feedback control layout in the both systems. 
5. Presenting the implemented algorithm in the both systems. 
6. Choosing the earthquake acceleration data. 
7. Obtaining the state form of the motion equation for the both systems. 
8. Deriving the gain matrix utilizing the LQR and PLACE function in MATLAB®. 
9. Calculating the state vector using LSIM function in MATLAB®. 
10. Calculating the control forces for the both systems. 
11. Comparing the results using the generated graphs.   
4.13.2 Three-storey Active Scissor-jack Control System 
In this approach, a three-degree-of-freedom frame with an active scissor-jack control 
system in each storey is selected, as indicated in Figure ‎4.20. The scissor-jack configuration 
in this system is assumed to be similar in all the storeys. The structure, actuators, sensors and 
controller in this process are assumed to be linear (Chung et al., 1988, Chung et al., 1989, 
Cheng and Jiang, 1998b, Cheng and Jiang, 1998a, Cheng et al., 2010).  
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Figure ‎4.20. Active scissor-jack control system.  
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4.13.3 Specifications of Three-storey Scissor-jack System 
In this numerical analysis, the columns are 200UC59.5 and the beam is 250UB37.3. The 
relevant specifications are listed in the table below. 
Table ‎4.3. Specifications of scissor-jack system. 
Specification Value Unit 
L 6 m 
h1= h2= h3 3.0 m 
m1= m2= m3 12 ton 
c1 24.7 kNs/m 
c2 15.9 kNs/m 
c3 24.7 kNs/m 
k1= k2= k3 6037 kN/m 
Ib 55.7×10
6 
mm
4 
Ic 61.3×10
6 
mm
4
 
ρ 0.227 ― 
E 200 GPa 
    10 rad/sec 
    28 rad/sec 
    40.4 rad/sec 
    0.63 sec 
    0.22 sec 
    0.16 sec 
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The damping ratio   is assumed to be 5% for the first two modes and the third mode is 
derived as 6.2% for. The stiffness of each storey and damping in the assumed  frame have 
been calculated using the same process as that indicated in Section ‎3.14.3  (Chopra, 2001). 
Furthermore, in Table ‎4.3,  ,  , ,  ,  ,   ,    ,  ,  ,     to     and     to     are the 
frame span, height, mass, stiffness, damping, the moment of inertia of the beam, the moment 
of inertia of the columns, the beam-to-column stiffness ratio, modulus of elasticity of steel, 
natural frequency and natural period for first to third mode, respectively. 
4.13.4 Active Tendon Control System 
As a comparison unit, the three-storey active tendon control system with the same 
specifications is considered. This system has been shown in Figure ‎4.21 (Cheng et al., 2010). 
All the characteristics of this system are assumed to be similar to the scissor-jack system, 
unless its control system has been considered as the tendon control system. 
 
Figure ‎4.21. Active tendon control system. 
4.13.5 Specifications of Three-storey Tendon System 
The specifications of this system have been assumed to be identical with the three-storey 
active toggle control system. These characteristics have already been shown in Table ‎4.3. 
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4.13.6 Determination of Optimum Scissor-jack Coefficient    
It was concluded in Section ‎4.12 that the investigation of effect of the scissor-jack 
coefficient     in the three-storey active scissor-jack control system would be the same as the 
investigation of the scissor-jack coefficient having the same characteristic in a single-storey 
active scissor-jack control system. Therefore, the determination of the optimum value for the 
scissor-jack coefficient in the three-storey active scissor-jack control system follows the 
similar procedure explained in Section ‎4.9.6 for a single-storey active scissor-jack control 
system. Notice that this definition will be valid if the scissor-jack configuration in all the 
storeys is considered identical, which is the case in this process. 
Accordingly, using the same procedure as that in Sections ‎4.5 and ‎4.9.6, the 
specifications of scissor-jack configuration in the three-storey control system can be obtained 
as indicated in Table ‎4.4. These values are same for all the storeys. The parameters    and    
and    to    are shown in Figure ‎4.22. Notice that the angle of    is the angle that the 
diagonals A0B1 to A2B3 create with the horizon.   
 
Figure  4.22. Scissor-jack configuration parameters in MDOF 
active control system. 
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Table ‎4.4. Required characteristics for calculating optimum   . 
Specification Value Unit 
L 6.0 m 
h 3.0 m 
L1 1.5 m 
L2 5.2 m 
θ1 20 degree 
θ2 61.6 degree 
θ3 56.9 degree 
θ4 24.7 degree 
θ5 26.6 degree 
   12.1 ― 
 
4.13.7 Feedback Control Layout 
As discussed earlier in Section ‎2.6 and referring to Section ‎4.9.7, in this numerical 
analysis, the closed-loop feedback control layout has been selected as well to be implemented 
in both systems, i.e. the three-storey scissor-jack and tendon control systems. 
4.13.8 Utilized Algorithm 
In this numerical analysis, similar to the single-storey control systems mentioned in 
Section ‎4.9.8, for determining the gain matrix, the algorithms of LQR and pole placement 
have been used. These algorithms have been broadly explained in Sections ‎3.10.11 
and ‎3.10.12. In this procedure, for solving the LQR and pole placement algorithm, the 
functions of LQR and PLACE in MATLAB
®
 software have been deployed. 
4.13.9 Earthquake Acceleration Data 
The earthquake data which has been applied to both the three-storey active control 
systems are that of 1979 Imperial Valley–El Centro M(6.5) and 1994 Northridge M(6.7). 
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These earthquake accelerations have been previously shown in Figure ‎3.14 and Figure ‎3.15, 
respectively. It has to be mentioned that only the first 20 seconds of their accelerations are 
shown in these figures. These earthquake data can be obtained from the website of the Pacific 
Earthquake Engineering Research Centre.  
4.13.10 Determining the Gain Matrix for the Three-storey Systems 
Considering the closed-loop feedback control installed in both the three-storey active 
scissor-jack and tendon control systems, for determining the gain matrix, the state form of 
motion equations for the both systems should be derived. This task can be carried out using 
Equations  3.47 and  3.48, as indicated in the sections below.  
4.13.11 Control Gain Matrix in Three-storey Active Scissor-jack 
Control System  
For the three-storey active scissor-jack control system, the state form of motion equation 
is obtained as below. The following relationships have already been discussed in 
Sections ‎3.10.7 and ‎3.10.8 . Notice that in the following equations, as indicated in Table ‎4.4, 
        12.1. 
[ ̇( )]
   
 [  ][ ( )]  [  ][ ̈ ( )]  
[  ]    [ ]  [     ][ ]  
[ ]    [
[ ] [ ]
 [ ]  [ ]  [ ]  [ ]
]  
[  ]    [
[ ]
[ ]  [   ]
]  
[  ]    [
[ ]
[ ]  [ ]
]  
Note that the dimensions of both matrices [ ], [ ] and [ ] are    . 
For deriving the control gain matrix [ ] in the closed-loop control system, the function 
of LQR in MATLAB
®
 software is used, as follows: 
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[ ]     (        ) (‎4.59) 
All the parameters in Equation  4.59 have been previously explained in the relevant sections.  
However, referring to Section ‎3.10.10, matrices [ ] and [ ] are weighting matrices and in 
this calculation process are tuned to the following values: 
[ ]    
[
 
 
 
 
 
  
  
  
  
  
  ]
 
 
 
 
 
  
[ ]    [
     
     
     
]  
Using the PLACE function in MATLAB
®
, for providing the more stability of the system, poles 
of the system are designed to be as follows: 
[     ]  [                                          ]   
Therefore, the gain matrix for the closed-loop control system is as follows: 
[             ]  [
        
       
 
   
        
       
      
   
        
       
        
   
     
   
 
   
       
      
    
   
       
      
       
]  
4.13.12 Control Gain Matrix in Active Tendon Control System  
Determining the gain matrix in the three-storey active tendon control system would be 
the same procedure expressed in Section ‎4.13.11 for the three-storey active scissor-jack 
control system. Notice that in the tendon system, all the expressions must be appropriated for 
this system. Using the same poles considered in the three-storey active scissor-jack control 
system, the gain matrix in the three-storey active tendon control system will be as follows: 
[       ]    [             ]      [             ]  
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4.13.13 Determination of Structural Response 
Since the specifications of the two systems, i.e. three-storey scissor-jack and tendon 
systems, have been considered identical, the derived structural responses for both the systems 
would be the same. These structural responses resulting from the applied earthquake 
excitations can be calculated using the function LSIM in MATLAB
®
 software, as follows: 
[   ]      (         ̈   )  (‎4.60) 
In the aforementioned equation,   ,    and  ̈  have already been explained in the relevant 
sections. However, matrices   [      ] and   are the sensor matrix and the 
simulation time matrix, respectively. The structural responses, i.e. the controlled 
displacements on top of the floors, for 1979 El Centro and 1994 Northridge‎ earthquakes have 
been shown in Figures 4.23 to 4.28, respectively. The absolute maximum controlled structural 
displacements under 1979 El Centro and 1994 Northridge‎ earthquakes for the all floors are 
about 0.002 mm, except for first floor subjected to ‎1994 Northridge‎ earthquake which is 
about 0.003 mm. 
 
 
Figure  4.23. Controlled structural displacement response for first floor under 
1979 El Centro earthquake. 
 
Figure  4.24. Controlled structural displacement response for second floor under 
1979 El Centro earthquake. 
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Figure  4.25. Controlled structural displacement response for third floor under 
1979 El Centro earthquake. 
 
Figure  4.26. Controlled structural displacement response for first floor under 
1994 Northridge earthquake. 
 
Figure  4.27. Controlled structural displacement response for second floor under 
1994 Northridge earthquake. 
  
Figure  4.28. Controlled structural displacement response for third floor under 
1994 Northridge earthquake. 
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4.13.14   Calculation of Control Forces 
After obtaining the control gain matrix in Section ‎4.13.10, the required control forces for 
both systems can be determined by using Equation  3.46. Notice that, in this equation, the 
control gain matrix has been obtained by using LQR algorithm. Therefore, the equation for 
determining the control forces in both systems is written as follows: 
[ ( )]   [ ][ ( )]  
In the above mentioned equation, the matrices [ ] and [ ( )]  have already been determined 
for the relevant system individually, as explained in Sections ‎4.13.10 and ‎4.13.13, 
respectively. 
4.13.15 Comparing the Results in Three-storey Control Systems 
1. Actuator Forces 
In this section, after determining the control forces, i.e. the actuator forces, in the three-
storey active scissor-jack and tendon control systems, these control forces have been plotted 
on graphs and shown in Figures 4.29 to 4.34 to demonstrate the difference between the 
relevant results.  
 
Figure ‎4.29. Compared first floor control forces in 1979 El Centro Earthquake. 
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Figure ‎4.30. Compared second floor control forces in 1979 El Centro Earthquake. 
 
Figure ‎4.31. Compared third floor control forces in 1979 El Centro Earthquake. 
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Figure ‎4.32. Compared first floor control forces in 1994 Northridge Earthquake. 
 
Figure ‎4.33. Compared second floor control forces in 1994 Northridge Earthquake. 
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Figure ‎4.34. Compared third floor control forces in 1994 Northridge Earthquake. 
It is obvious from Figures ‎4.29 to ‎4.34 that a three-storey active control system with the 
scissor-jack configuration can enormously diminish the required actuator forces in the storeys. 
In this numerical analysis, this reduction is about 91.7%, compared to the tendon control 
system with various seismic excitations. Also, having the scissor-jack coefficient, this 
reduction in the control forces in the scissor-jack system can be achieved directly from 
Equation  4.58.  
2.   Displacements 
The compared results related to the controlled and uncontrolled displacements have been 
plotted in Figures 4.35 to 4.40 for ‎1979 El Centro ‎ and ‎1994 Northridge‎ earthquakes, 
respectively. The responses for the free vibration have been calculated using the Newmark 
method (Chopra, 2001).  
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Figure ‎4.35. Compared first floor displacements in 1979 El Centro earthquake. 
 
Figure ‎4.36. Compared second floor displacements in 1979 El Centro earthquake. 
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Figure ‎4.37. Compared third floor displacements in 1979 El Centro earthquake. 
 
Figure ‎4.38. Compared first floor displacements in 1994 Northridge earthquake. 
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Figure ‎4.39. Compared second floor displacements in 1994 Northridge earthquake. 
 
Figure ‎4.40. Compared third floor displacements in 1994 Northridge earthquake. 
Figures ‎4.35 to ‎4.40 prove clearly that deploying the scissor-jack configuration in a 
three-storey active control system can enormously diminish the structural responses under the 
earthquake vibrations.  
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 CHAPTER 5
EXPERIMENTAL PROGRAM AND RESULTS 
5.1 Introduction 
As denoted in Section ‎1.5, the main objective of this research relies on the reduction of 
active control forces required in the smart structures. For achieving this goal, the installation 
of both the toggle and scissor-jack configurations in the active control systems in a single- 
and multi-degree-of-freedom frame was investigated in the previous chapters. The relevant 
simulation results showed that having the toggle or the scissor-jack configuration in the active 
control system can reduce the actuator forces enormously compared to the corresponding 
active tendon control system. As explained thoroughly in the relevant chapters, the 
coefficients of toggle and scissor-jack, i.e.   and    respectively, have the main role in the 
reduction of the control forces in the corresponding systems. 
In this research for the experimental program, only the active toggle control system with 
a single-degree-of-freedom frame is selected. This experimental process verifies the validity 
of the toggle coefficient and its effect on the reduction of the control forces. 
5.2 Challenges in Full-state Feedback Sensing 
In smart seismic structures, their optimal control algorithms have been developed based 
on the full-state feedback (Soong et al., 1990, Grantham and Vincent, 1993, Jacquot, 1995, 
Cheng et al., 1996). The reasoning relies on the fact that the full-state feedback technique can 
modify damping at every degree of freedom of the structure and reduces structural vibration 
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effectively. However, for generating the control forces in their algorithms, the feedback of all 
state variables should be measured. In most cases of the investigation on the seismic smart 
structures, it has been implicitly accepted that all the state variables are measured for the full-
state feedback controller. In fact, measuring all state variables, including displacements and 
velocities at each structural degree of freedom, is a big challenge for practical control design 
and construction of massive smart seismic structures. The main reasons can be explained as 
follows: 
1. In the real structures, sensors for displacements and velocities require an extra 
support. Displacements must be measured with respect to an external reference 
structure. This auxiliary structure for displacement measurements must be rigid. 
However, this type of environment is very hard to be achieved in real smart 
structures and it is not practical. During an earthquake event, the structural 
foundation may move and the reference point for the measurement of 
displacements and velocities may be distorted.   
2. For a large smart seismic structure, many sensors may be needed to measure the 
full-state feedback. They generally have a large number of degrees of freedom 
and, for their algorithms, the displacements and velocities for each degree of 
freedom must be measured. Using too many sensors creates serious complexity in 
smart structures and significantly affects the system reliability, maintenance costs 
and construction expenses. 
3. In control systems for seismic smart structures, it is conventional to collect all 
data to a central controller and process them. Complex wiring is needed to 
connect the wired sensors to the signal conditioning and the data acquisition 
device. The very dense array of wiring is unreliable and can be affected by 
environment excitation, which may cause significant noise in the signal. 
4.  Sensors for the smart structures should be working properly during their 
lifetimes. In fact, it takes a long time to ensure that a large number of sensors can 
work properly through the very dense and complex wiring system. However, if 
they can, their maintenance and installation would be very expensive.      
5.3 Applying Accelerometers 
Using accelerometers in smart seismic structures removes the impractical requirement of 
auxiliary structures for installing the displacement and velocity sensors. In spite of this, the 
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conventional algorithms for the smart structures cannot use acceleration instead of 
displacement and velocity as the state variables. When using accelerometers, a new feedback 
controller must be designed. It is more practical to install accelerometers only at strategic 
points. For a smart seismic structural control system, this method is the most reliable and the 
least expensive means of measurement. Therefore, insufficient sensors and acceleration 
measurements must be recognized for practical implementation of a structural control system 
with full-state feedback technique. For obtaining this goal, three approaches have already 
been proposed, as follows: 
1. Direct acceleration feedback (Spencer et al., 1993, Jabbari et al., 1995, Dyke et 
al., 1996a, Dyke et al., 1996b). 
2. Feedback of pseudovelocities calculated from acceleration measurements (Fujita 
et al., 1994, Sakamoto et al., 1994). 
3. Seismic observer technique (Cheng and Jiang, 1998b, Jiang et al., 2000a, Jiang et 
al., 2000b). 
The third above mentioned method has been used in the experimental test, which will be 
explained in more detail in the following section. For the other two methods, further 
explanations can be found in the references mentioned. 
5.4 Seismic Observer Technique 
The seismic observer technique, which has been developed recently, can simplify the 
sensing system considerably and is also able to derive the full-state vector using the 
acceleration measurement. Consequently, utilizing this observer technique reduces the 
number of required sensors enormously in the seismic response control system. For active 
seismic resistance structures, an optimum full-state feedback algorithm can be established 
using an observer-controller system. 
5.5 Modelling of Smart Structures with Sensors   
1. Plant Equation      
As denoted in Chapter 3 through Equation  3.40, the plant equation of a smart structure 
system for seismic response control has been expressed as follows: 
[ ̇( )]  [ ][ ( )]  [  ][ ( )]  [  ][ ̈ ( )] (‎5.1) 
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In this equation, [ ( )] is state vector, [ ] is the plant matrix, [  ] is the coefficient matrix of 
the control force vector [ ( )] and [  ] is the coefficient vector of relevant excitation, i.e. 
earthquake excitation. The relevant matrices have been shown in Section ‎3.10.7. 
If the seismic response control system is assumed to be digital, the plant equation can be 
written as follows: 
 (   )    ( )     ( )     ( ) (‎5.2) 
In the above equation,  ( ),  ( ) and  ( ) are sampled values of [ ( )] , [ ( )] and [ ̈ ( )] 
at  th sampling time, i.e. at      and             , respectively. Also   is the 
sampling period and matrices  ,    and    are expressed via the following explanations. 
The solution for Equation  5.1 can be written as follows: 
[ ( )]   (    )[ (  )]  ∫  (   )
 
  
([  ][ ( )]  [  ][ ̈ ( )])   (‎5.3) 
where  ( ) is state transition matrix having the same order as plant matrix [ ] and expressed 
as follows: 
 ( )     ([ ]  )   [ ]    [ ]   
 
  
([ ]  )  
 
  
([ ]  )   (‎5.4) 
In equation  5.4, [ ] is the modal plant matrix, which is defined as follows: 
[ ]  [ ]  [ ][ ] (‎5.5) 
where [ ] is a matrix established from the eigenvectors of plant matrix [ ]. 
Considering       and   (   )  and using the zero-order hold definitions of 
[ ( )]  [ (  )]   ( ) , [ ( )]  [ (  )]   ( )  and  [ ̈ ( )]  [ ̈ (  )]   ( ) , then 
Equation  5.3 can be restated as follows: 
 (   )   ( ) ( )  ∫  (      )
(   ) 
  
[  ]   ( ) 
(‎5.6) 
 ∫  (      )
(   ) 
  
[  ]   ( ) 
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The expressions of matrices  ,    and    are related to the aforementioned equation and 
denoted as follows, respectively: 
   ( ) (‎5.7) 
   ∫  (      )
(   ) 
  
[  ]   (‎5.8) 
   ∫  (      )
(   ) 
  
[  ]   (‎5.9) 
2. Sensor Output Equation 
In seismic response control systems, the frequencies can vary between 0.1 to 100 Hz. Sensor 
devices can work linearly across this range (De Silva, 1989, Fraden, 1997, Wilson, 2004). 
The output of sensors is usually in the case of voltage signals which are proportional to the 
measurand. If there are    accelerometers and     state sensors, the sensor output [ ( )] can 
be modelled as follows: 
[ ( )]  *
[  ][ ̈( )]
[  ][ ( )]
+ (‎5.10) 
where [  ]  and [  ]  with dimensions of (    )  and (    )  are location matrices of 
accelerometers and state sensors, respectively. Hence,   is the number of degrees of freedom 
of the system. If the  th accelerometer is placed on the  th floor,   (   )    and if the  th 
sensor measures the  th state variables,   (   )   . The total number of sensors, i.e. 
        is the order of [ ( )]. 
The motion equation of an  -storey shear building structure with hybrid devices on all floors 
is expressed as follows (Cheng et al., 2010): 
[ ][ ̈( )]  [ ][ ̇( )]  [ ][ ( )]  [  ][  ( )]  [  ][  ( )]  [ ][ ̈ ( )] (‎5.11) 
where [  ( )]    and [  ( )]    are the vectors of active and passive control forces and 
[  ]     and [  ]     are location matrices for actuators and dampers, respectively. 
Equation  5.11 can be rewritten as follows: 
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[ ̈( )]   [ ]  ([ ][ ̇( )]  [ ][ ( )])   [ ]  ([  ][  ( )]             
(‎5.12) 
 [  ][  ( )]  [ ][ ̈ ( )]) 
Substituting Equation  5.12 into Equation  5.10 yields the following: 
[ ( )]  [  ][ ( )]  [  ][ ( )]  [  ][ ̈ ( )] (‎5.13) 
where 
[  ]  *
[   ]
[   ]
+  [  ]  *
[ ]
[ ]
+  [  ]  *
 [  ][ ]
  [ ]
[ ]
+  (‎5.14) 
and 
[   ]  [  ][ ]
  [ [ ]  [ ] [  ] [  ] [ ]]  ,  [   ]  [  ] (‎5.15) 
Equation  5.13 can be expressed in discrete time domain as follows: 
 ( )    ( )     ( )     ( ) (‎5.16) 
Therefore, the whole system is defined by equations  5.2 and  5.16. Because of the algebraic 
proportion relation in Equation  5.13, matrices   ,    and     in Equation  5.16 are the same as 
matrices [  ], [  ] and [  ] in Equation  5.13, respectively.  
It can be seen from Equation  5.16 that the sensor output  ( ) is not state variable  ( ). 
However, it is a linear transformation of state variables and related to control command  ( ) 
and reference input  ( ). For implementation of an optimal control algorithm based on full-
state feedback, a suitable technique should be deployed to determine all state variables from 
the sensor output  ( ).  
165 
 
5.6 Conventional Observer Technique 
The model for an  th order linear control system utilizing state sensors can be defined as 
follows: 
 (   )    ( )     ( ) 
(‎5.17) 
 ( )    ( ) 
Note that the sensor equation expressed above is different from Equation  5.16. Equation  5.16 
is related to a system where state sensors have been used. Therefore, every sensor output is 
equal to a state variable. Matrix [ ] has been previously explained in Section ‎2. The all 
elements of matrix  [ ] are zero except that the  th sensor measures the  th state variable, i.e. 
 (   )   1. 
It has been proved that the observability of the  th order system, as described by 
Equation  5.17, can be obtained by calculating the rank of matrix   below, known as the 
observability matrix. If the rank of this matrix becomes equal to  , the system is observable 
(Kuo, 1980, Grantham and Vincent, 1993, Jacquot, 1995). 
   
[
 
 
 
 
 
  
   
 
     ]
 
 
 
 
 (‎5.18) 
where   is the plant matrix of the system.  
Rank of matrix [  ] can be calculated using MATLAB
®
 function RANK(Mo). Also, the number 
of nonzero eigenvalues of the matrix [  ]  shows the rank of the observability matrix. 
Eigenvalues of matrix [  ] can be derived utilizing MATLAB
®
 function EIG(Mo). 
When a system becomes observable, it means that the available measurements are 
adequate to estimate all state variables using the observer technique. Then, the controller 
calculates the control forces  ( ) by means of these estimated states, based on the full-state 
feedback algorithm.  
The optimum control algorithm in a full-state feedback law can be expressed as follows: 
 ( )     ( ) (‎5.19) 
where   is the control gain matrix calculated using the control algorithm.  
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For the observer-controller system Equation  5.19 can be shown as follows: 
 ( )     ̂( ) (‎5.20) 
Also, the observer is expressed by the following equation: 
 ̂(   )    ̂( )     ( )     ( )   [ ( )   ̂( )] 
(‎5.21) 
 ̂( )    ̂( ) 
In modern control theory, it has been shown that the transfer function from  ( ) to  ( ) 
in the system, i.e. Equation  5.17 using the observer, i.e. Equation  5.21 with the control law 
indicated by Equation  5.20, is exactly the same as the full-state feedback system defined by 
Equations  5.17 and  5.19 (Grantham and Vincent, 1993, Jacquot, 1995). From the control 
theory point of view, this means that using an observer-controller technique becomes as 
effective as full-state sensing and feedback. 
In Equation  5.21, all the parameters are known except for matrix  . The process of 
determination of matrix   is known as the observer design. The criterion to determine   is 
indicated below: 
 ̃( )   ( )   ̂( ) (‎5.22) 
Using Equations  5.17,  5.21 and  5.22, it can be derived: 
 ̃(   )  (    ) ̃( )     ̃( ) (‎5.23) 
where 
          and     
          (‎5.24) 
Restating a closed-loop control system having gain matrix   is defined as follows: 
 (   )  (     ) ( )     ( ) (‎5.25) 
where 
         (‎5.26) 
Hence, comparing Equations  5.24 and  5.26 reveals that the observer design i.e. determination 
of  , is the same as the controller design i.e. the determination of  , unless that in the prior    
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modifies the dynamics of     and that in the latter    modifies the dynamics of  . Therefore, 
the matrix    in the observer design should be derived in the same way as the calculation of 
the gain matrix   in the controller design. 
5.7 Observer Technique in Smart Structures 
    As seen in the previous section, the conventional observer model was expressed by 
equation  5.21. Since there are extra terms,    ( ) and    ( ) in Equation  5.16, the seismic 
observer is considered as follows: 
 ̂(   )    ̂( )     ( )     ( )   [ ( )   ̂( )] 
(‎5.27) 
 ̂( )    ̂( )     ( )     ( ) 
Equation  5.27 reveals the mathematical model for the seismic observer. A seismic response 
control system having this type of observer is known as a ‗seismic observer-controller 
system‘. A comparison of the seismic and conventional observers shows that only the seismic 
observer needs the measurements of  ( ),  ( ) and  ( ). Furthermore, this observer can be 
installed as a software program in an electronic device and utilized in the smart structures.      
The mathematical model of the observer-controller system in closed-loop is indicated as 
follows (Cheng et al., 2010): 
[
 (   )
 ̂(   )
]  [
     
          
] [
 ( )
 ̂( )
]  [
  
  
]  ( ) (‎5.28) 
It has been proved that the transfer function between input  ( )  and output  ( ) in the 
observer-controller system is the same as the full-state sensing and feedback system. This 
means that the determined response in the observer-controller system is identical to that of the 
full-state sensing and feedback system. Provided there is an observable system, the available 
measurement will be adequate to estimate the full-state vector. 
5.8 Reducing Number of Sensors in Smart Structures 
Applying the seismic observer to the smart structures, in addition to enabling the system 
to estimate state variables from acceleration measurements, allows a significant reduction in 
the number of sensors. This is a great advantage for deploying the seismic observer. The 
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process of the reduction of the number of state variable sensors and accelerometers is 
expressed in the following paragraphs. 
For investigating the reduction of the state variable sensors and accelerometers, an  -
storey shear building with   active tendons is considered, as seen in Figure ‎5.1. It is assumed 
that all actuators in the active tendon control system are linear proportional devices.  
 
Figure  5.1. Shear building with active tendon control system. 
As shown in Section ‎3.10.7, the motion equation of the system in the state-variable form 
is denoted as follows: 
[ ̇( )]  [ ][ ( )]  [  ][ ( )]  [  ][ ̈ ( )] (‎5.29) 
where [ ( )] and [ ( )] are, respectively,  a state vector and a control commands vector, 
which are denoted as follows:  
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[ ( )]  [  ( )   ( )     ( )  ̇ ( )  ̇ ( )    ̇ ( )]
  (‎5.30) 
[ ( )]  [  ( )   ( )     ( )]
  (‎5.31) 
Also, the coefficient matrices of [ ] , [  ]  and [  ] , as expressed in Section ‎3.10.7, are 
restated here, as follows: 
[ ]  [
[ ] [ ]
 [ ]  [ ]  [ ]  [ ]
]
     
 (‎5.32) 
[  ]  [
[ ]
[ ]  [ ]
]
    
 (‎5.33) 
[  ]  [
[ ]
[ ]  [ ]
]
    
 (‎5.34) 
The matrices of mass, damping, stiffness, coefficient for earthquake excitation and location of 
active tendons, defined by [ ], [ ], [ ], [ ] and [ ] have been shown by Equations  3.5 to  3.8 
and  3.14, respectively. 
From Equations  5.29 and  5.30, it can easily be seen that the order of the system is a   th. 
This means that, for a full-state sensing and feedback technique in the above mentioned active 
control system,    sensors are required, i.e. an   sensor for measuring displacements and an 
  sensor for measuring velocities. Considering the latter expression for a building with many 
storeys makes the control hardware and the sensing system very complicated. Therefore, 
simplifying the number of sensors in smart seismic structures is very important.     
In this step, it is assumed that only one displacement sensor i.e. LVDT is located on the 
top floor. The sensor equation can be written as follows: 
 ( )  [ ][ ( )] (‎5.35) 
where  
[ ]  [
     
     
]
   
 (‎5.36) 
Note that in Equation  5.36, the first row of matrix [ ] is related to the displacements and the 
second row is related to the velocities. 
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As expressed in Section ‎5.6, the observability of the system can be obtained by 
calculation of the rank of matrix    indicated in Equation  5.18. For achieving the 
observability of the system having only one displacement sensor, i.e. LVDT, the following 
two matrices with the rank of   have been expressed in (Cheng et al., 2010), as follows: 
    
[
 
 
 
 
[ ]
[ ][ ]
[ ][ ] 
 
[ ][ ]   ]
 
 
 
 
 (‎5.37) 
    
[
 
 
 
 
[ ][ ] 
[ ][ ]   
[ ][ ]   
 
[ ][ ]    ]
 
 
 
 
    [ ]
  (‎5.38) 
It has been proved that both matrices    and    are of rank   and also any row of full-rank 
matrix    is not linearly related to full-rank matrix   . Hence, the observability matrix 
    is expressed as follows: 
    [
   
   
] (‎5.39) 
Considering the aforementioned explanations, the observability matrix       is of full-rank 
  . This leads to the fact that having only one LVDT, i.e. displacement measuring sensor is 
enough to estimate the full-state vector in the seismic observer system. 
 In the second step, it is assumed that only one accelerometer is located on the top floor. 
The sensor equation can be written as follows: 
 ( )  [  ][ ( )]  [  ][ ( )]  [  ][ ̈ ( )] (‎5.40) 
where 
[  ]  
[
 
 
    
    
  
 
  
  
   
    
  
 
  
  ]
 
 
 
  [ ][ ]  (‎5.41) 
Then, the observability of the system having only one accelerometer is expressed as follows: 
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[
 
 
 
 
[  ]
[  ][ ]
[  ][ ] 
 
[  ][ ]    ]
 
 
 
 
     [ ]
  (‎5.42) 
The matrix    is of full-rank, because both the matrices    and [ ]
  are of full-rank and 
the system becomes observable. It means that having only one accelerometer is enough to 
estimate the full-state vector in the seismic observer system. Therefore, deploying the 
observer technique can greatly reduce the number of required sensors and simplifies the data 
acquisition system for seismic response control. 
5.9 Experimental Model 
5.9.1 Frame 
In this research, it was decided to use the small-scale model so that the experiment test 
could be carried out utilizing a proper small shaking table. As is clear from Figure ‎5.2, the 
active toggle control experimental model was built manually in the laboratory of RMIT 
University. This model consists of four columns and a rigid ceiling connected to the columns. 
The material of the columns and ceiling are made of aluminum and timber, respectively. The 
columns, which are attached to the timber base, were selected to be flexible enough to be 
vibrated easily during the shaking on the shaking table. The ceiling was chosen rigid enough 
to transverse the vibration consistently to the four columns and follow the theoretical concept 
of the single-storey frame vibration. The connections of the columns with the ceiling and 
floor are considered fixed end. The specifications of the experimental frame are indicated in 
Table ‎5.1. 
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Figure  5.2. Experimental model. 
Table ‎5.1. Frame specifications. 
Explanation Symbol Value Unit 
Span length L 0.346 m 
Width W 0.202 m 
Height h 0.258 m 
Lower brace L1 0.150 m 
Upper brace L2 0.294 m 
Angle between lower 
brace and floor 
θ1 17.5 degree 
Angle between upper 
brace and right column 
θ2 43.6 degree 
Angle of control force  θ3 33.9 degree 
Mass m 1.094 kg 
Stiffness k 169.4 N/m 
Damping c 0.184 Ns/m 
Toggle coefficient   1.93 — 
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In the above mentioned table, toggle coefficient   has been calculated using 
Equation  3.23 and considering the relevant values for the experimental model. Also, the 
stiffness and damping of the model structure can be obtained in the following section. 
5.9.2 Stiffness and Damping of the Model 
The stiffness and damping of the model structure can be obtained by using the free 
vibration test (Chopra, 2001). The free vibration of the model is shown in Figure ‎5.3. 
 
Figure  5.3. Free vibration of the model. 
For finding the damping ratio, the information related to the desirable peak, time and 
acceleration should be selected and obtained from Figure ‎5.3. The relevant information is 
indicated in Table ‎5.2. 
Table ‎5.2. Required information for calculating of damping ratio. 
Peak Time (   ) Acceleration ( ) 
1 12.4 0.275 
11 17.45 0.18 
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Also, the natural period of the model can be calculated from the free vibration test. Using 
Figure ‎5.3 and Table ‎5.2, the natural period    can be derived as follows: 
   
      
 
 (‎5.43) 
In the above mentioned formula,   is the number of peaks between    and     which is   . 
Therefore, using Equation  5.43, the natural period of model     0.505 sec is obtained. The 
damping ratio of the model structure can be calculated using the following formula. 
  
 
   
  
 ̈ 
 ̈  
 (‎5.44) 
Using Table ‎5.2, the damping ratio can be calculated from the above mentioned formula. 
Therefore, after substituting the relevant values in Equation  5.44,                 0.67%, and 
after finding the damping ratio, the natural circular frequency can be calculated as follows: 
       ⁄  (‎5.45) 
By substituting     0.505 sec the natural circular frequency becomes     12.4 rad/sec. 
Then, the stiffness and damping of the model structure can be derived by the following 
equations, respectively. 
     
  (‎5.46) 
   ( √  ) (‎5.47) 
In the above formulas,  is the assumed lump mass of the model located at the ceiling and 
indicated in Table ‎5.1. Then, replacing the relevant values in Equations  5.46 and  5.47 results 
in    169.4 N/m and    0.184 N.sec/m. 
5.9.3 Toggle Configuration 
As denoted before, the toggle configuration is installed in the frame. Since a suitable 
linear actuator fitting to the model and working fast enough in time intervals smaller than one 
second was not found, a servo motor was installed instead of the linear actuator. The servo 
motor works fast enough and is suitable for this experiment. However, it creates a rotational 
movement and also has high stiffness, which prevents the frame from vibrating during the 
uncontrolled shaking. For removing these disadvantages, a mechanism has been implemented 
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in the toggle configuration to convert the movement from rotation to linear and to also allow 
the frame some free shaking while it is attached to the servo motor. This mechanism has been 
shown in Figure ‎5.4. 
 
 
Figure  5.4. Mechanism in the toggle configuration to convert 
rotation movement to linear. 
5.9.4 Actuator 
As discussed in the previous section, the servo motor with the specifications indicated in 
Table ‎5.3 has been installed in the model as the actuator, shown in Figure ‎5.5. This actuator is 
connected to the toggle system and the frame by the two members, as indicated in Figure ‎5.5 
(BLUE BIRD MODEL, 2015). These two members consist of the explained mechanism. All 
the connections between the actuator and the latter members are joint connections. The 
installed actuator is connected to the controller platform, which sends the control signals to 
the actuator. The controller platform will be explained in the next section.  
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Figure  5.5. Servo motor (actuator). 
Table ‎5.3. Specifications of the servo motor (actuator). 
Dimension 40.5 × 20 × 38 mm 
Weight 51 grams 
Torque At 4.8V 6.4 kgcm 
Torque At 6.0V 7.2 kgcm 
Speed At 4.8V 0.13 sec/60° at no load 
Speed At 6.0V 0.10 sec/60° at no load 
5.9.5 Controller Platform 
The controller platform used in this experimental test is the electronic platform known as 
ATmega328. It includes 14 digital input/output pins, 6 analog inputs, a 16 MHz ceramic 
resonator, a USB connection, a power jack, an ICSP (In-Circuit Serial Programming) header, 
and a reset button. This platform has specific software and must be installed to the appropriate 
computer. It can be easily connected to the computer and linked with the MATLAB
®
 software. 
This linkage with the MATLAB
®
 software is very important, because the control signals 
calculated by the relevant algorithm are applied to the actuator through this platform. Also, it 
has to be mentioned here that the actuator is connected to this platform. The specifications of 
the controller platform ATmega328 are indicated in Table ‎5.4. Also, the photo of this 
controller is shown in Figure ‎5.6 (LE MODELISME.COM, 2015). 
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Figure  5.6. Controller platform ATmega328. 
Table ‎5.4. Specifications of the controller platform ATmega328. 
Microcontroller ATmega328 
Operating Voltage 5V 
Input Voltage (recommended) 7-12V 
Input Voltage (limits) 6-20V 
Digital I/O Pins 
14 (of which 6 provide PWM 
output) 
Analog Input Pins 6 
DC Current per I/O Pin 40 mA 
DC Current for 3.3V Pin 50 mA 
Flash Memory 
32 KB (ATmega328) of which 
0.5 KB used by bootloader 
SRAM 2 KB (ATmega328) 
EEPROM 1 KB (ATmega328) 
Clock Speed 16 MHz 
Length 68.6 mm 
Width 53.4 mm 
Weight 25 g 
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5.9.6 Accelerometer 
As explained broadly in Section ‎5.2, the analog accelerometer known as ADXL335 has 
been utilized in the experimental model for measuring the excitations. The photo of this 
accelerometer is shown in Figure ‎5.7 (ebay website, 2015). This accelerometer is an analog 
accelerometer, which has been implemented at both the top of the model and the shaking 
table. This type of accelerometer is compatible to synchronize with the selected controller 
platform.   
 
Figure  5.7. Accelerometer used for experimental model. 
The specifications of the aforementioned accelerometer are as follows: 
 Dimension 4 mm × 4 mm × 1.45 mm 
 Ability to measure 3-Axis ±3g acceleration 
 Single-supply operation: 1.8V to 3.6V  
 10,000 g shock survival  
 Measurement bandwidth for X and Y axis from 0.5 to 550 Hz 
5.9.7 Shaking Table 
The shaking table used in this experimental test is called Shake Table I-40, made by the 
Quanser Company. It has some pre-loaded acceleration profiles of real earthquakes, such as 
Northridge, El-Centro, Mendocino and Kobe. More information can be accessed on Quanser‘s 
website. This shaking table is connected to the computer through its specific software, named 
Quarc v2.4. This software can create linkage with MATLAB
® 
software. The photo and 
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specifications of this shaking table are shown in Figure ‎5.8  and Table ‎5.5 (QUANSER, 
2015b), respectively. 
 
Figure  5.8. Shaking table used for experimental test. 
Table ‎5.5. Technical specifications of Shake Table I-40. 
Dimensions (H×L×W)  57.5 cm×12.7 cm×7.62 cm 
Total mass 5.88 kg 
Payload area (L×W)    43.2 cm×10.2 cm 
Maximum payload at 1.0 g 1.5 kg 
Travel ± 20 mm 
Operational bandwidth  20 Hz 
Peak velocity   46.9 cm/s 
Peak acceleration 1.13 g 
Lead screw pitch  10 mm/rev 
Brushless servomotor power  70 W 
Maximum continuous current 3 A 
Motor maximum torque  3.53 N.m 
Encoder line count (in quadrature) 8192 counts/rev 
Encoder linear resolution (in quadrature) 1.22 μm/count 
Accelerometer range  ± 49 m/s² 
Accelerometer sensitivity     1.0 g/V 
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Setting up the Shake Table I-40 for MATLAB
®
/Simulink
®
 needs additional components, as 
follows. 
5.9.8 Q2-USB Data Acquisition Device 
Through the ground-breaking Quanser USB data acquisition technology, a reliable real-
time performance is delivered via a USB interface. Q2-USB data acquisition device offers an 
extensive range of hardware features and software support capabilities. The photograph of 
this device is shown in Figure ‎5.9. The technical specifications of this device are indicated in 
Table ‎5.6, further below (QUANSER, 2015a).  
 
Figure  5.9. Q2-USB data acquisition device.  
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Table ‎5.6. Q2-USB technical specification. 
System requirements 
Type A USB 2.0 connector 
(USB 2.0 driver is required) 
Board dimensions (L×W×H) 8.5 cm × 10.2 cm × 1.8 cm 
Analog inputs   
Number of channels 2 
Resolution 12-bit 
Input range ± 10 V 
Conversion time 250 ns 
Input impedance 10 MΩ 
Maximum full scale range (FSR) error ± 10 LSB 
Analog outputs   
Number of channels 2 
Resolution 12-bit 
Output range ± 10 V 
Slew rate 3.5 V/μs 
Conversion time 10 μs 
DC output impedance 0.5 Ω 
Short-circuit current clamp 20 mA 
Maximum capacity load stability 4000 pF 
Non-linearity ± 1 LSB 
Maximum full scale range (FSR) error ± 12 LSB 
Maximum load for specified performance 2 kΩ 
Digital inputs   
Number of digital I/O lines 8 
Input low / high 0.66 V / 2.31 V 
Input leakage current ± 2 μA 
Digital outputs   
Number of digital I/O lines 8 
182 
 
Output low / high 0.4 V / 2.40 V 
Maximum drive current ± 4 mA 
Encoder inputs   
Number of encoder inputs 2 
Input low / high 0.66 V / 2.31 V 
Input leakage current +/– 2 μA 
Maximum A and B frequency in quadrature 6 MHz 
Maximum count frequency in 4x quadrature 10 MHz 
PWM outputs   
Number of PWM outputs 2 
Output low (max) / high (min) 0.40 V / 2.40 V 
Minimum frequency 2.385 Hz 
Maximum frequency 40 MHz 
Bits resolution 16 bits 
 
5.9.9 VoltPAQ-X2 Linear Voltage Amplifier 
The VoltPAQ-X2 is a linear voltage-controlled amplifier, which is very suitable for 
research needs in all complex control areas. Its design is based on achieving high performance 
with Hardware-In-The-Loop (HIL) implementations. The photograph of this device is shown 
in Figure ‎5.10. The technical specifications of this device are indicated in Table ‎5.7 below 
(QUANSER, 2015c).   
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Figure  5.10. VoltPAQ-X2 linear voltage amplifier. 
Table ‎5.7. Technical specification for VoltPAQ-X2 linear voltage amplifier. 
Dimensions ( L×W×H) 39 cm×33 cm×10 cm 
Mass 4.4 kg 
Amplifier type linear 
Number of outputs 2 
Load continuous current output ± 4 A 
Amplifier gain 
1 V/V or 3 V/V      (gain 
selectable) 
Current sense 1 V/A 
Amplifier command ± 10 V 
Number of analog inputs 4 
Supply AC voltage 
100 - 127 V or  
220 - 240 V 
 
5.9.10 Control Algorithm 
The control algorithm for this experimental test has been programmed in MATLAB
®
 
software. This program acts based on LQR and the pole placement algorithm explained in 
Sections  3.10.11 and  3.10.12. Eventually, the control forces determined by this algorithm are 
applied to the structure through the controller platform and via the actuator. The main stages 
of the control algorithm program are as follows: 
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1. Definition of the communication port between MATLAB® software and controller 
platform ATmega328. 
2. Inputting of the number of sensors. 
3. Verification of the calibration matrix. 
4. Creation of the button to cease data collection. 
5. Creation of the button to close the serial port. 
6. Delineation of the time buffer duration. 
7. Creation of the variables to store the acceleration data for each sensor. 
8. Inputting of values for  ,   and   . 
9. Calculation of maximum values for    and   . 
10. Inputting of the available   . 
11. Checking of the toggle validation criterion, i.e.           . 
12. Calculation of the toggle coefficient  . 
13. Inputting of values for ,   and  . 
14. Inputting of matrices  ,   ,   ,   and  . 
15. Creation of the observability matrix for the system. 
16. Checking of the observability of the system. 
17. Finding of the gain matrix of the observer in the closed-loop system. 
18. Derivation of the controlled displacements of the system. 
19. Calculation of the control forces for the system. 
20. Calibration of the system and application of the control forces to the system as a 
rotation angle to the servo.  
5.10 Experimental Set-up and Explanation 
5.10.1 Set-up of the Experimental Test 
The set-up of the experimental test for verifying the validity of the toggle coefficient is 
explained by the following steps: 
1. A ready-to-use personal computer having Windows7 Operating System relevant 
to the software. 
2. Installing Matlab® software with one of the versions of R2012 to 2013 into the 
same computer. 
3. Installing the proper Microsoft Compiler C++ in the computer. 
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4. Installing Quarc v2.4 software for running the shaking table, changing the 
frequencies, choosing the different earthquake excitations and exporting the 
required data. A screenshot of Quarc software has been shown in Figure ‎5.11. 
 
Figure ‎5.11. A screenshot of Quarc software. 
5. Installing the platform controller software to the computer. 
6. Having the algorithm in MATLAB® code ready to run and to interface with the 
controller platform.  
7. Implementing an accelerometer at the top of the model. 
8. Implementing another accelerometer at the top of the shaking table. 
9. Attaching the model into the shaking table using by the proper screws. 
10. Connecting the computer, analog accelerometer, actuator, shaking table and 
controller platform with each other as indicated schematically in Figure ‎5.12. 
Also, a photograph related to the experimental test connections of different 
devices is provided in Figure ‎5.13.  
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Figure  5.12. Schematic depiction of connections of the devices 
for the experimental test.     
 
Figure ‎5.13. A photograph of experimental test device connections.  
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5.10.2 Experimental Test Performance 
After setting up the plant and plugging the relevant devices into the electricity source, the 
performance of the experimental test is explained through the following steps: 
1. Leveling of the shaking table. 
2. Running of the computer and MATLAB® software 
3. Calibration of the shaking table by running the specific program in MATLAB® 
software. 
4. Calibration of the two accelerometers by running the specific program in 
MATLAB
®
 software. 
5. Running of the control algorithm program as described in Section ‎5.9.10. 
6. Visual checking of the accelerometer measurements in the computer screen to 
show as zero. This means that the accelerometers read zero acceleration from the 
shaking table and the frame while the experimental plant is at rest.  
7. Running of the Quarc software to set up the shaking table. 
8. Selection of the desired earthquake acceleration among the preinstalled 
earthquake accelerations in Quarc software. These earthquakes are 1979 Imperial 
Valley–El Centro M (6.5), 1992 Mendocino M(7) and 1995 Kobe (6.9) indicated 
in Figures 5.14 to 5.16, respectively. 
 
Figure ‎5.14. 1979 El Centro earthquake accelerations. 
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Figure ‎5.15. 1992 Mendocino earthquake accelerations. 
 
Figure ‎5.16. 1995 Kobe earthquake accelerations. 
9. In this step, the shaking table applies the real earthquake excitations to the system, 
the shaking table starts to shake and the system responds to the excitations based 
on its algorithm. 
10. During the excitation, accelerations related to the shaking table and top of the 
frame are both measured and stored in a specific file in the program. 
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11. In this step, the desired data must be saved out of the program and the 
experimental test can be stopped. 
5.10.3 Experimental and Numerical Results 
 As mentioned earlier in this chapter, the objective of the experimental test is to verify 
the integrity of the toggle coefficient  . For achieving this goal, the numerical and 
experimental results should be compared. However, in these two processes, the data of the 
results obtained are not the same kind. Furthermore, the measured data in the experimental 
test are made of accelerations while those in the numerical calculations are made of the state 
variables, i.e. displacement and velocity. For making practical this comparison, the obtained 
velocities from the numerical calculation should be converted to the accelerations using the 
differential of the velocity in the proper time intervals. Calculation of the differences between 
adjacent velocities can be easily performed by DIFF function in MATLAB
®
 software. Then, 
both the numerical and experimental results become comparable. The controlled and 
uncontrolled results based on experimental and numerical results are shown in Figures 5.17 to 
5.22, respectively. 
 
Figure  5.17. Experimental results for controlled and uncontrolled system with 
1979 El Centro earthquake. 
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Figure  5.18. Experimental results for controlled and uncontrolled system with 
1992 Mendocino earthquake. 
 
Figure  5.19. Experimental results for controlled and uncontrolled system with 
1995 Kobe earthquake. 
191 
 
 
Figure  5.20. Comparison between experimental and numerical results in 
controlled system with 1979 El Centro earthquake. 
 
Figure  5.21. Comparison between experimental and numerical results in 
controlled system with 1992 Mendocino earthquake. 
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 Figure  5.22. Comparison between experimental and numerical result in 
controlled system with 1995 Kobe Earthquake. 
The compared results indicated in Figures 5.20 to 5.22 show that there is good coverage 
between the graphs in the experimental and analytical results. However, some inconsistency 
can be seen in some areas between the compared results. The reason for this could be related 
to the following issues: 
1. The utilized accelerometers record the accelerations in the time intervals of 0.10 
to 0.12 second. This means that some of the encountered shaking table 
acceleration data cannot be measured in the right time. Consequently, the system 
misses the control force related to that specific time. Using more accurate 
accelerometers that are in the harmony with the system may improve the results. 
2. In this experimental environment, the only measurable and comparable parameter 
is the system acceleration. As was explained earlier in this section, the analytical 
acceleration results have been derived using the velocity values gained via the 
LSIM function, utilizing DIFF function in MATLAB
®
 software. This method has 
some inaccuracies and can cause some errors in the system. Using the bigger 
model and installing the proper displacement or velocity measuring devices in the 
system may improve the compared results.  
3. In this experimental model, a servo motor is installed as an actuator in the system. 
If the experimental model is prepared in the scale close to the real system, a very 
fast linear actuator can be used and the applied control forces to the system can be 
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measured. Then, the latter experimental results can be compared with the 
analytical results calculated through the algorithm.   
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 CHAPTER 6
CONCLUSIONS AND FUTURE WORK 
6.1 Research Summary   
The main objective of this research was the mitigation of the active control forces in the 
active toggle or active scissor-jack control system. The effect of toggle and scissor-jack 
configurations in a single- and multi-degree-of-freedom frame in an active control system was 
investigated. Using an analytical method, the toggle and the scissor-jack coefficients, i.e.   
and    respectively, were investigated. It was found that they significantly affected the 
reduction of the generated control forces in their relevant systems. Both of these coefficients 
contributed in their corresponding motion equations and can be seen as a direct factor in the 
control forces. It was proved that, in a typical civil engineering frame, these coefficients 
became greater than unity. Comparison of the control forces between these systems, and using 
the active tendon control system as a comparison unit, clearly showed that the control forces 
in the former systems were significantly less than the corresponding control forces in the 
latter one. The reason for this reduction of the control forces was related to the coefficients of 
  and   . Furthermore, the effects of coefficients   and    with respect to the variations of 
the span length, frame height, lower brace length and its angle, i.e.   , in both systems, were 
investigated. Moreover, for the numerical studies, historical earthquake excitations data, such 
as 1979 Imperial Valley–El Centro M(6.5) and 1994 Northridge M (6.7), were used.  
For verifying the integrity of the toggle coefficient   in an active toggle control system, 
an experimental test was performed using the model. For proving the integrity of the toggle 
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coefficient  , the accelerations of the top of the frame in the active toggle control system, in 
both experimental and numerical methods, were obtained in the controlled case and drawn as 
a graph. The comparison depicted in the graph showed that the two sets of acceleration data 
coincided with each other to a large degree. Since the value of the toggle coefficient   had 
been already considered in the numerical calculation, then the coincidence of the 
accelerations in the comparison graph proved the integrity of the toggle coefficient  .    
6.2 Conclusions Related to the Single-story Active Toggle 
Control System (SDOF) 
1. The installation of the toggle configuration in a single-degree-of-freedom shear 
frame in an active control system causes a coefficient called toggle coefficient   
to be created. This coefficient appears in the motion equation of the system as a 
direct factor multiplied to the control force.  
2. For the typical civil engineering frames, the value of toggle coefficient   is 
greater than unity. 
3. In this system, the greater toggle coefficient   generates the smaller control force. 
4. In the toggle configuration,    and    are independent values. It means that all 
other geometrical characteristics can be calculated from the geometry of the 
system after selecting values for    and   . 
5. The proper establishment of the motion equation in the toggle system depends on 
suitable values for    to    and   . Otherwise, the toggle configuration of the 
active control system will no longer be valid. Moreover, the system works as a 
toggle configuration in the active control system if         
 .  
6. To have the more efficient active toggle control system, the smaller value for the 
lower brace, i.e.    becomes desirable. This is because the smaller    generates 
the greater  . 
7. In the design procedure in the active toggle control system, it is beneficial to 
select the frames with bigger spans, since the greater span produces the bigger 
toggle coefficient  . 
8. In the design procedure in the active toggle control system, it is preferable to keep 
the frame height as low as possible, since the greater height generates the smaller 
toggle coefficient  . 
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9. The toggle system acts more efficiently in   s that are close to their maximum 
values. This property can be used to reach the much greater toggle coefficient. 
However, the toggle establishment criterion, i.e.         
  and construction 
restrictions have to be taken into consideration. 
10. Comparison between control forces in the toggle and tendon control systems 
shows an 89.6% reduction for the former. As a result, the toggle configuration 
significantly reduces the force required from the actuator; consequently the size of 
the actuator and its cost will be reduced. 
6.3 Conclusions Related to the Three-storey Active Toggle 
Control System (MDOF) 
1. It was proven that the control forces in every storey in a three-storey active toggle 
control system are   times smaller than the corresponding control forces in the 
active tendon control system. 
2. It was found that the investigation of the effect of    in the whole three-storey 
toggle system was converted to the investigation of the effect of   in every storey 
having toggle configuration. Therefore, the investigation of the effect of the 
toggle coefficient    in the three-storey active toggle control system would be 
changed to the same investigation of the toggle coefficient   having the same 
characteristics in a single-storey active toggle control system.  
3. Referring to the aforementioned conclusion, all the conclusions indicated for 
single-storey active toggle control system in Section ‎6.2 become valid for the 
three-storey active toggle control system as well.  
4. Comparison between control forces in the three-storey toggle and tendon control 
systems shows a 91.8% reduction for the former. As a result, the toggle 
configuration significantly reduces the force required from the actuator; 
consequently the size of the actuator and its cost will be reduced. 
6.4 Conclusions Related to the Single-story Active Scissor-jack 
Control System (SDOF) 
1. The installation of the scissor-jack configuration in a single-degree-of-freedom 
shear frame in an active control system causes a coefficient called scissor-jack 
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coefficient    to be created. This coefficient appears in the motion equation of the 
system as a direct factor multiplied to the control force.  
2. For the typical civil engineering frames, the value of toggle coefficient    is 
greater than unity. 
3. In this system, the greater toggle coefficient    produces the smaller control force. 
4. In the scissor-jack configuration,    and    are independent values. This means 
that all other geometrical characteristics can be calculated from the geometry of 
the system after selecting values for    and   . 
5. In practical designs, if installation of the actuator in the plane of the frame is 
contemplated, the maximum value of    will depend on the length of the installed 
actuator. However, in the case of the installation of the actuator in the out-of-
frame plane but close to it, even greater values of    can be selected. 
6. To have the more efficient active scissor-jack control system, the smaller value 
for lower brace, i.e.    becomes desirable. This is because the smaller    
generates the greater   . 
7. In the design procedure in the active scissor-jack control system, it is beneficial to 
select the frames with bigger spans, since the greater span produces the bigger 
toggle coefficient   . 
8. In the design procedure in the active scissor-jack control system, it is preferable to 
keep the frame height as low as possible, since the greater height generates the 
smaller toggle coefficient   . 
9. The scissor-jack system acts more efficiently in   s that are close to their 
maximum values. Although reaching the greater scissor-jack coefficient is 
desirable, the design objectives and construction restrictions have to be taken into 
consideration while choosing   . 
10. Comparison between control forces in the scissor-jack and tendon control systems 
shows a 91.7% reduction for the former. As a result, the scissor-jack configuration 
significantly reduces the force required from the actuator; consequently the size of 
the actuator and its cost will be reduced. 
198 
 
6.5 Conclusions Related to the Three-storey Active Scissor-
jack Control System (MDOF) 
1. It was proven that the control forces in every storey in the three-storey active 
scissor-jack control system are    times smaller than the corresponding control 
forces in the active tendon control system. 
2. It was found that the investigation of the effect of     in the whole three-storey 
toggle system was converted to the investigation of the effect of    in every 
storey having scissor-jack configuration. Therefore, the investigation of the effect 
of the scissor-jack coefficient     in the three-storey active toggle control system 
would be changed to the same investigation of the toggle coefficient    having the 
same characteristics in a single-storey active toggle control system.  
3. Referring to the aforementioned conclusion, all the conclusions indicated for 
single-storey active scissor-jack control system in Section ‎6.4 become valid for 
the three-storey active scissor-jack control system as well.  
4. Comparison between control forces in the three-storey scissor-jack and tendon 
control systems shows a 91.7% reduction for the former. As a result, it can be 
concluded that the scissor-jack configuration significantly reduces the force 
required from the actuator; consequently the size of the actuator and its cost will 
be reduced. 
6.6 Conclusions Related to the Experimental Program 
1. The promising experimental results show that an active control system 
experimental test can be carried out by using the set of the bench top shaking table 
I-40, proper small scale frame, an actuator, a controller platform ATmega328, 
analog accelerometers known as ADXL335 and the algorithm programmed in 
MATLAB
®
 software. 
2. This experimental process is intensively economical compared with the full-scale 
model. 
3. Using this type of experimental test can be performed in a small room and does 
not need a large industrial laboratory. 
4. The experimental results prove the effect of the toggle coefficient   in the 
reduction of the control forces in the active toggle control system.   
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5. The experimental results strongly verify the vibration reduction of the relevant 
frame under different earthquake excitations in the active toggle control system. 
6. Also, the experimental results confirm the integrity of the observer technique in 
using the acceleration measurement to find the full-state vector in the active 
toggle control system.  
6.7 Recommendations for Future Research 
The following recommendations are suggested for the future research: 
1. To compare and identify suitable control algorithms to match much better with 
the active toggle and scissor-jack control system. 
2. Performing a large scale (e.g. 1:3 scale) test for both active toggle and scissor-jack 
control system to verify the toggle and scissor-jack coefficients, i.e.   and   , 
respectively, such that the influence of structural details can be captured. 
3. To investigate an influence of time lag upon the toggle and scissor-jack 
coefficients, i.e.   and   , respectively, through preparing a large scale            
(e.g. 1:3 scale) test for both active toggle and scissor-jack control system and 
applying suitable corrections in their control algorithms. 
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